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CHAPTER 9

INTEGRAL REPRESENTATION

[The first three exercises provide the proofs of theorems used in this chapter.]

Runge’s theorem

1. Let S? = C denote the Riemann sphere, and let K C C be compact. Fix a point
a; in each component V; of S — K, and let R({a;}) denote the set of all rational
functions with poles in the set {a;}.

If p is a complex Borel measure on K, we define its Cauchy transform p by

fiz) = /K i“(_wg (z € 8% — K). (1)

Prove
(a) fi is analytic in S? — K.

Details. Fix z € C— K, and let r = d(z, K). Consider ¢ € B(z,7/2), ( # z. We have

ﬁ(C) — ﬁ(Z) _ /K dﬂ(w)z — (C_ Z)/ ( dﬂ(w) ] (2)

(—=z (w — 2) & (w—{)(w—z)?

Forwe K, |lw—z|>7rand |lw—(| > |w—2|—|(—2| >r—r/2=r/2. Therefore
the integrand in (2) is < 2/r3 for w € K, and consequently the left hand side of (2)
has modulus < (2/7%)||ul||¢ — z| —) 0 (as C —) z). This proves the analyticity of i in
C — K (and also the formula f'( fK w27 5 for all z € C — K). Since fi(0) = 0,
the differential ratios at oo vamsh and i is then trivially analytic at oo.

(b) For a; # oo, let d; = d(aj, K) and fix z € B(a;,r) C V; (necessarily r < d;).
Observe that

o0

Z (z — ajn-l_1 ’ (3)

and the series converges uniformly for w € K.
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For a; = oo, we have

n

=Y (H>), (1)

w—z
and the series converges uniformly for w € K.

Details. For w € K and z € B(aj,r), we have

-1 -1 2705\
— = (w — a; 1— . 5
(=97 = (w—a) - 22 )
Since |w—a;| > d(a;, K) = d; > r, |=—-L| < r/d; < 1. Therefore the geometric series
J

n
> (;:—Z’J) is majorized by the convergent constant geometric series > (r/d;)".
By the Weierstrass test for uniform convergence, the series converges absolutely and
uniformly for w € K to the sum (1 — ﬁ)_l, and (3) follows from (5).

J
In (4), we may take r := supg |w|. If |z| > r, the series in (4) is majorized by
the convergent series (1/|z]|) > (r/|z|)™ for w € K; it then converges absolutely and

uniformly for w € K to —z7[1 — (w/2)]7! = 1/(w — 2).

(¢) If [ hdp =0 for all h € R({a;}), then ji(z) = 0 for all z € B(aj,r), hence for all
z € V;, for all j, and therefore i = 0 on S? — K.

Details. Fix z € B(aj,7r), aj # oo. By uniform convergence of the series in (3) (for
w € K), we have

a(z) = 3 (= a)" /K (w — a5) " Ldpu(w). (6)

n

The integrands in (6) belong to R({a;}), and therefore all the integrals vanish by
hypothesis. Consequently fi(z) = 0 in the disc B(a;,r), hence in V;, by Part (a). The
same is true for a; = oo, using (4) instead of (3). We then conclude that i = 0 on

S?2 - K.

(d) Let & C C be open such that K C Q. If f is analytic in © and p is as in Part
(c), then [, fdu = 0. (Hint: represent f(z) = (1/2m1) [, %dw for all z € K, where
I' e T'(K,Q), cf. 9.18 for notation, and use Fubini’s theorem.)

Details. Fix I' € T'(K, ), and let 6 = d(T', K)( > 0) and M = supr |f| (< o0). Then
|f(2)|/|z —w| < M/é for z €' and w € K, hence

/K/p %‘”4 dlp|(w) < co.



109

By Tonelli’s theorem (Theorem 2.18), f(z)/(z—w) € L*(d|z| x |p|) (where the measure
d|z| is on the Lebesgue measurable space for I', and the Borel measure |u| on K has been
completed). By Fubini s theorem (Theorem 2.17), Cauchy’s formula, the hypothesis

/fd < JoJ e = |

_ /Fﬁ(z)f(z)dz — 0.

(e) Prove that R({a;}) is C(K)-dense in H(Q2) (the subspace of C'(K) consisting of the
analytic functions in § restricted to K). Hint: Theorem 4.9, Corollary 5.3, and Part

(d). The result in Part (e) is Runge’s theorem. In particular, the rational functions
with poles off K are C(K)-dense in H(2).

on u, and Part (

Details. Suppose R({a;})is not C(K)-dense in H(Q2). Pick f € H(f2) not in the C(K)-
closure of R({a;}). By Corollary 5.3, there exists z* € C(K)* such that z*h = 0 for
all h € R({a;}) and z*f = 1. By the Riesz Representation theorem (Theorem 4.9),
there exists a regular complex Borel measure p on K such that [ % hdp = 0 for all
h € R({a;}) and [ fdu = 1. This contradicts Part (d).

(f) If S? — K is connected, the polynomials are C(K)- dense in H(Q2). Hint: apply
Part (e) with a = oo in the single component of S? — K.

[Paraphrazing. When S2 — K is connected (i.e., when K is simply connected), it has
a single component, namely the component of co, and R({oo}) is the algebra P of all
complex polynomials on S?. Hence (f) follows from Part (e).]

Hartogs-Rosenthal’s theorem
2. (Notation as in Exercise 1.) Let m denote the R?-Lebesgue measure.

a e Integral delining the Cauchy transiorm p converges absolutely m-a.e. nt:
The integral defining the Cauch fi I g bsolutel Hi
show that, for each N € N,

d
/ / ] (w d dy < o0 (7)
|z][<N JK lw — 2]

by using Tonelli’s theorem and polar coordinates.)

Details. Let z = x4+ iy € C and R = sup,,cx |w| (finite, since K is compact). Write
w— 2z =re?, with r = |w — 2| < |2| + R for w € K, and 0 < @ < 27. Using polar
coordinates in the plane, we get for any N € N

drd N+E
| [ i) < | / [ do )
K J|z|<N lw — z| 6=0




=27(N + R) ||p|| < oo.

Hence (7) follows from Tonelli’s theorem (Theorem 2.18), and therefore

d|p|(w)
/K ) < (8)

m-a.e. in |z| < N for each N (cf. Section 1.4, page 15). Consequently (8) is valid
m-almost everywhere in the plane. (Compare Exercise 1(a)!)

(b) Let R(K ) denote the space of rational functions with poles off K. Then fK hdy =0
for all h € R(K) iff i = 0 off K. (Hint: use Cauchy’s formula and Fubini’s theorem
for the non-trivial implication.)

Details. For each 2 ¢ K h (w) :=1/(w—2) € R(K); if [, hdp =0 for all h € R(K),
then fi(z) = [, h- (w)=0forall z ¢ K.

Conversely, suppose ,u = O off K, and let h € R(K) and w € K. Since the poles of h are
oftf K, there exists an open set {2 containing K such that h € H(Q) Let F e I'(K,Q)
(cf. Notation 9.18). By Cauchy’s integral formula, 27ih(w) = [ h(2)/(z — w)dz.
Since the integrand is continuous on the compact set ', we have tr1v1ally

[ [ Lz i) < o

Therefore, by the Tonelli and Fubini theorems (Theorems 2.18 and 2.17), we have

o [ [ [ gt = [ [ 2 0

:Amamawzm

since i =0onI'C Q- K.

(c) It can be shown that if 4 = 0 m-a.e., then p = 0. Conclude that if m(K) = 0
and p is a complex Borel measure on K such that [, hdp = 0 for all h € R(K), then
p = 0. Consequently, if m(K) = 0, then R(K) is dense in C(K) (cf. Theorem 4.9 and
Corollary 5.6). This is the Hartogs-Rosenthal theorem.

(Details. By Part (b), the hypothesis [, hdu = 0 for all h € R(K) is equivalent to
the hypothesis it = 0 off K, which is in turn equivalent to the hypothesis i = 0 m-a.e.

(when m(K) = 0). Hence the conclusion g = 0, and its corollary on the density of
R(K) in C(K).)

Arzela-Ascoli’s theorem
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3. Let X be a compact metric space. A set F C C(X) is equicontinuous if for each
e > 0, there exists § > 0 such that |f(z) — f(y)| < e for all f € F and z,y € X
such that d(z,y) < 6. The set F is equibounded if SUp fe [|f||« < co. Prove that if
F is equicontinuous and equibounded, then it is relatively compact in C(X). Sketch:
X is necessarily separable. Let {ax} be a countable dense set in X. Let {f,} C F.
{fn(a1)} is a bounded complex sequence; therefore there is a subsequence {f, 1} of
{fn} converging at a;; {fn1(az2)} is a bounded complex sequence, and therefore there
is a subsequence {f,2} of {fn1} converging at as (and a;). Continuing inductively,
we get subsequences {f, .} such that the (r 4+ 1)-th subsequence is a subsequence of
the r-th subsequence, and the r-th subsequence converges at the points a, ..., a,. The
diagonal subsequence {f, »} converges at all the points aj. Use the compactness of X
and an €/5 argument to show that {f, ,} is Cauchy in C(X).

Details. For each r € N, the diagonal sequence {f]} = {fnn} differs from a sub-
sequence of {f, .} by finitely many elements; therefore {f/} converges at the points
ai,- -+ ,a,, and since r is arbitrary, it converges at all the points ay.

Let € > 0 be given, and let § > 0 correspond to €/5 in the definition of equicontinuity,
ie, |f(z) — f(y)| < €/5 for all f € F and z,y € X such that d(z,y) < §. By

compactness of X, there exist points x,--- ,z, € X such that

X = B(=;,9). (9)

=1

Since {ar} is dense in X, for each j =1, -, p, there exists a point ag; € B(z;,90).
For each j = 1,--- , p, the sequence { fT’l(akj)} converges. Therefore there exists NV € N
such that for all n,,» > N and =1, ---,p,

| frlary) — fra(ar;)| < €/5. (10)
For each z € X, pick j € {1,--- ,p} such that € B(z;,6) (cf. (9)). Then
|fr(@) = fro(@)| < |fh(zx) = frlei)] + 1 £ (z5) = fr(ax;)]
+fnlar;) = frlar )| + | f(ar;) = fra(zi)] + | fra(z) = Fr(2)].

The first and last summands on the right hand side are < €/5 for all n,m since
d(z,z;) < 8. The second and fourth summand are < €/5 for all n,m because
d(ag;,z;) < 6. The third summand is < €/5 for all n,m > N by (10). Therefore
|fl(z) — fl.(z)| < e for all z € X and n,m > N, ie., ||f,, — fl.||lu < € for n,m > N.
We thus proved that every sequence {f,} in F has a C(X)-convergent subsequence.

Compact normal operators
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4. Let X be a Hilbert space, and T € K(X) be normal. Prove that there exist a
sequence {\,} € ¢y and a sequence {E,,} of pairwise orthogonal finite rank projections

such that Zf:;l AE, — T in B(X) as N — oc.
Solution.

By the Riesz-Schauder theorem (Theorem 9.27), the compact operator 7" has either
a finite spectrum o(7) = {A1,--- ,An}, or o(T) = {A\.} € ¢o (we may arrange the
notation so that ||T|| > |A1| > |[Aa| > --+); each A, # 0 is an isolated point of
the spectrum and is an eigenvalue of T' with finite dimensional eigenspace. If T is
also normal, the eigenspace corresponding to A,, # 0 coincides with the range of the
projection E, := E(d,), where E(-) is the resolution of the identity for 7" and §,
denotes the singleton with element A, (cf. Theorem 9.8(5)). Furthermore, by the
Spectral Theorem (Theorem 9.5), T' = fa(T) AdE(X).

Let fv(A) = SN Auls,, 0# N, €0(T), N=1,2,---. Then Joory IN(A)AE(X) =
Zf:;l AnEr, and therefore, by Theorem 9.6(1),

N

1T = Y AnBalel? = [

- A= NV PAEN)z, z). (11)

The integrands in (11) vanish on o(7’) for N large enough if the spectrum is finite. In
case the spectrum is infinite, the integrands are equal on o(T) to

|3 A, P < a2
n>N

Therefore
N

1T = 5" AnEall < PAnaa] = 0 (12)

n=1

as N — oo (when the spectrum is infinite; and trivially, as previously observed, when
the spectrum is finite). As mentioned before, each projection E,, has finite dimensional
range (which coincides with the eigenspace of A,, # 0), and E, X 1 E,, X for n #m
by the properties of the selfadjoint spectral measure F(-).

Logarithms of Banach algebra elements
5. Let A be a (unital, complex) Banach algebra, and let « € A. Prove:

(a) If 0 belongs to the unbounded (path) component V of p(z), then = € exp A(:=
{e%; a € A}) (that is, z has a logarithm in \A). Hint: Q := V¢ is a simply connected
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open subset of C containing o(z), and the analytic function f;(A) = A does not vanish
on §). Therefore there exists g analytic in {2 such that e9 = f;.

(Details. Following up with the hint, we have by the Composite Function theorem
(Theorem 9.21): z = fi(z) = e9(®) = €% where a := g(z).)

(b) The group generated by exp.A is an open subset of A.
Solution.

If ||e— z|| < 1, the series — >, (e — )™ /n converges (absolutely) in .A. Its sum u
corresponds through the analytic operational calculus to the function — Y (1—X)"/n =
log A. Therefore, by the Composite Function theorem (Theorem 9.21), z = exp u. This
shows that exp.A contains the open ball B(e,1). Consequently, if y belongs to the
(multiplicative) group H generated by exp A, then yB(e, 1) is an open neighbourhood
of y contained in H; this proves that H is open in \A.

6. Let A be a (unital, complex) Banach algebra, and let G, denote the (path) com-
ponent of G := G(.A) containing the identity e. Prove:

(a) G. is open.

(Details. Let a € G.. There exists a continuous path v in G such that 7(0) = e and
(1) = a. Since G(A) is open in A (cf. Theorem 7.3), there exists » > 0 such that
B(a,r) C G. Let b € B(a,r). The continuous path 7/(t) = a+t(b—a) (0 <t < 1) lies
in B(a,r) C G and connects a to b. The continuous path y+ 1+’ lies in G and connects
e to b, hence b € G,. This shows that B(a,r) C G., and we conclude that G, is open.)

(b) G. is a normal subgroup of G.

(Details. If v;, are continuous paths in G such that v4(0) = e and (1) = ar € G.
(k =1,2), then the continuous path 7 := 12 in G satisfies v(0) = e and v(1) = aqas;
also the continuous path 7; ' in G connects e with a; . This shows that G. is closed
under multiplication and under the inverse operation, that is, G. is a subgroup of G.
If a € G, and 7 is a continuous path in G connecting e and a, then for any x € G, the
continuous path zyz~! lies in G and connects e with zaz~!. Hence 2G.2~! C G, for
all z € G, that is, G, is a normal subgroup of G.)

(c) exp A C Ge.

(Details. Let e* € exp A. The continuous path y(t) = e** (0 <¢ < 1) lies in G (since
e® has the inverse e~**), v(0) = e, and (1) = e®. Hence e € G..)
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(d) Uexp A...exp A (union of all finite products) is an open subset of G. (cf. Exercise

5(b))-

(Details. exp A is closed under the inverse operation (because (expa)~! = exp(—a)),
and consequently the group H generated by exp A coincides with the union of all finite
products exp A - - -exp A; the latter is then an open set in A, by Exercise 5(b). By
Part (c) and the continuity of multiplication, each product is (path) connected, and
contains e; therefore the union H is (path) connected (and contains e), hence H C G..)

(e) Let H be the group generated by exp.A. Then H is an open and closed subset of
G.. Conclude that H = G..

(Details. H is an open subgroup of G. by Part (d). Since the right translations
are homeomorphisms of the group G onto itself, the right cosets Hx are open for all
x € G, and their union is G.. Therefore the complement H¢ of H = He in G, is the
open set Uwch;w;ée Hz, and we conclude that H is closed. Now the connected set G,
is the union of the disjoint open sets H and H¢, with H # () (since e € H). Therefore
H=G..)

(f) If A is commutative, then G, = exp A.

(Indeed, in that case, exp A is a subgroup, because e“(eb)_1 = e* % ¢ exp A for all
a,b € A, and therefore G. = exp.A by Part (e).)

Non-commutative Taylor theorem
7. (Notation as in Exercise 10, Chapter 7.) Let A be a (unital, complex) Banach

algebra, and let a,b € A. Prove the following non-commutative Taylor theorem for

each f € H(o(a,b)):

~~
—~
S
S—
Il
tlﬁ
—_
S—
0.
~h
PN
o
| =
il PN
)
SN—
—
2
e
S
SN
Q.
D,

i=0 J:
0 D) (g
:Z[C(b,a)ﬂe]f ﬂ( ) (13)

In particular, if a,b commute,

(4 ,
16)= Y 2 - oy (14)
for all f € H(o(a,b)), where (in this special case)

o(a,b) ={A € C; d(X\o(a)) <r(b—a)}.



If b — a is quasi-nilpotent, (14) is valid for all f € H(o(a)).
Solution.

Let f € H(o(a,b)). Thus f is analytic in an open set {2 containing the compact set
o(a,b). Let I' € I'(0(a,b),2) (cf. Notation 9.18). Since o(b) C o(a,b) (cf. Exercise 10,
Chapter 7), I' € I'(0(b),2), and therefore (cf. definition preceding Theorem 9.19 and
notation preceding Theorem 9.20) f(b) = (1/2xi) [ f(A)R(A;b)dA. We use the series
expansions br(A) and bgr(A) of R(A;b) as in Exercise 10, Chapter 7, which converge
uniformly on the compact subset I' of o(a,b)°. Integrating term by term, we obtain
the formulae (13) by observing that

Fa) = 1/ (2xi) [ SR e (15)
for all j € N, since I' € I'(o(a), 2).

By the binomial formula (since L, commutes with R}),

J

C(a,byie =3 (;) (=1)7*LERI~He — i: (Z) (—1) bk (16)

k=0 k=0

In particular, when a,b commute, C(a,b)’e = (a — b)?, and (14) follows from (13).
Furthermore, in that case, r(a,b) = r(a — b), and the remaining observations follow
trivially.

Positive operators

8. Let X be a Hilbert space. Recall that T' € B(X) is positive (in symbols, T' > 0) iff
(T'z,z) > 0 for all x € X. Prove:

(a) The positive operator T is non-singular (i.e., invertible in B(X)) iff T'— eI > 0 for
some € > 0 (one writes also T' > €l to express the last relation).

Solution.

The operator 1" is non-singular iff 0 € p(T"). Since p(T') is open, this is equivalent
to the existence of € > 0 such that the disc B(0,¢) is contained in p(T"). Since T is
positive, o(T') C [0, 00), and therefore, in that case, T is non-singular iff ¢(T") C [¢, o0),
that is, iff o(7T) — e C [0,00), i.e., iff (T — el) C [0,00). Since T — el is selfadjoint
(because T is selfadjoint!), the latest condition is equivalent to the positivity of T'— el
(cf. Section 7.5).
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(b) The (arbitrary) operator T is non-singular iff both TT* > el and T*T > el for
some € > 0.

Solution.

For T € B(X) arbitrary, TT* and T*T are positive operators (they are selfadjoint,
and for all z (TT*z,z) = (T™z,T*z) > 0 and (T*Tz,z) = (Tz,Tz) > 0). If T is
non-singular, so is T* (because T*(T~')* = (T~'T)* = I* = I, etc.); hence both
TT* and T*T are positive non-singular operators. Therefore, by Part (a), there exists
€ > 0 such that TT* > el and T*T > el. Conversely, if the ”e-condition” is satisfied,
then by Part (a) for the positive operators 77" and T*T, both of these operators are
non-singular. Therefore

T[T*(TT*)"')=1 and [(T*T)"'T*|T =1,
that is, 7" has both right and left inverses in B(X), i.e., T is non-singular.
9. Let X be a Hilbert space, T' € B(X). Prove:
(a) If T is positive, then
(Tz,9)|? < (Tx,z) (Ty,y) forall z,y€ X. (17)
Solution.

The form [z,y] := (T'z,y) on X x X is a semi-inner product (s.i.p.): indeed, [z,z] > 0
for all z by the positivity of T; [-,y] is linear for each fixed y by linearity of 7'; and

since T is selfadjoint, [y, z] = (T'y,z) = (y,Tz) = [z,y]. Therefore (17) is precisely
the Cauchy-Schwarz inequality for the s.i.p. [-,-] (cf. (13), page 31).

(b) Let {T}} C B(X) be a sequence of positive operators. Then T}, — 0 in the s.o.t.
iff it does so in the w.o.t.

Solution. (The non-trivial direction.)

Suppose T}, are positive operators converging to 0 in the w.o.t. Let Tli/z denote the
positive square root of T (corresponding to the continuous non-negative function /2
on o(Ty) C [0,00) in the operational calculus for the seladjoint operator T%). Then
for all z € X, ||T11/2'T||2 = (Tpz,z) — 0 as k — oo, that is, T;/Q — 0 in the s.0.t. Also
supy, ||T,:/2.’1:|| < oo for all z, and therefore M := sup, ||T,:/2|| < o0 by the Uniform

Boundedness theorem (Corollary 6.5). Since multiplication is continuous on the closed
ball {T' € B(X); ||T|| < M} in B(X) with respect to the relative s.o.t. (cf. Exercise

17, Chapter 8), it follows that Tj( = (Té/2)2) converge to 0 in the s.o.t.
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(c) If 0 < Tp < Tky1 < K1 for all k (for some positive constant K), then {7}}
converges in B(X) in the s.o.t.

Solution.

For each z € X, the non-negative sequence (Txx, z) is non-decreasing and bounded
above by K||z||?, and is therefore convergent. Hence 0 < ((T}, — T} )z, ) — 0 for all =
when n > m — co. Applying (17) to the positive operators T, — T,,, (n > m), we get
(T, — Trn)z,y) — 0 as n > m — oo, for all z,y € X, that is, the positive operators
T — T (n > m) converge to 0 in the w.o.t., hence in the s.o.t., by Part (b). By
Exercise 19, Chapter 6, it follows that {T,,} converges in B(X) in the s.o.t.

Analytic functions operate on A

10. Let A be a complex unital commutative Banach algebra, and a € A. Let f €
H(o(a)). Prove that there exists b € A such that b= foa. (@ denotes the Gelfand
transform of a.) In particular, if @ # 0, there exists b € A such that b= 1/a. (This is
Wiener’s theorem.) Hint: Use the analytic operational calculus.

Solution.
Since f € H(o(a)), b := f(a) is well-defined by means of the Riesz-Dunford integral.

Let © C C be an open set containing o(a) in which f is analytic, and let ' € I'(o(a), Q)
(cf. Notation 9.18). Then

bim f(a) == (1/2mi) /F FOVR(: a)dA.

Let & = ®(.A) be the space of homomorphisms of A onto C with the Gelfand topology.
For each ¢ € ®, by linearity and continuity of the homomorphism,

b(6) = #(8) = (1/27) | FO(R(N @) A
Since ¢ is multiplicative and ¢(e) = 1, we have for all X € p(a)
1= 6(e) = S(R(X a)(he — a)) = S(R(X))(A — ¢(a)),
hence ¢(R(X;a)) = (A — ¢(a))~", and therefore

b(o) = (1/2m1) [ LX) _an

r A—¢(a)
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Since ¢(a) € o(a) and ' € I'(o(a), ), it follows from Cauchy’s integral formula that
the right hand side is equal to f(¢(a)) = f(a(¢)) = (f o a)(¢), that is, b= foa.

Ifa#0,0¢ a(®) =o(a) (cf. Section 7.2(4)), and therefore f(A) = 1/X belongs to
H(o(a)). By the preceding result, there exists b € A such that b = 1/a.

Polar decomposition

11. Let X be a Hilbert space, and let T € B(X) be non-singular. Prove that there
exist a unique pair of operators S,U such that S is non-singular and positive, U is
unitary, and 7" = US. If T is normal, the operators S,U commute with each other
and with 7". Hint: assuming the result, find out how to define S and U|gx; verify that
U is isometric on S X, etc.

Solution.

We first prove uniqueness. Suppose T' = US with U, S as in the statement of the
exercise. Then T*T = SU*US = S?, and therefore S is the unique positive square root
S = (T*T)l/ 2 (cf. paragraph preceding Theorem 7.23), and U is uniquely determined
asU=TS"1.

The above argument indicates how to construct the factors S, U of the "polar
decomposition” for T'. We define S = (T*T)l/z. Since $2 = T*T is non-singular,
0 ¢ o(S?) = o(S5)?, and therefore S is a non-singular (positive) operator. We then
define U = TS~!. Then U is non-singular and isometric (||Uz||? = (TS~ 'z, TS 'z) =
(T*TS 1z, S71z) = (S257 12,57 z) = ||z||?), hence unitary.

If T is normal, S% = T*T = TT* = (US)(SU~'), hence S2U = US?. It follows
that U commutes with the unique positive square root of $?, which is S (since the
square root S is the norm-limit in B(X) of polynomials in S2, cf. paragraph preceding
Theorem 7.23). Consequently UT = U(US) = U(SU) = (US)U = TU, and ST =
S(US) = (SU)S = (US)S =TS. (Conversely, if U and S commute, T is necessarily
normal, because TT* = (US)(SU*) = US?U* = S2UU* = S = T*T.)

Cayley transform
12. Let X be a Hilbert space, and let T' € B(X) be selfadjoint. Prove:

(a) The operator V := (T'+iI)(T —iI)~" (called the Cayley transform of T') is unitary
and 1 ¢ o(V).

Solution.
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Since T is selfadjoint, its spectrum is real (cf. Lemma 7.17) and therefore V is a
well-defined non-singular operator with the inverse

V™= (T —il)(T +4I) ™" = (T + i) (T — i)

— [(T — i)\ (T +il)* = [(T+ iI)(T — iI)_l]* — v,

where we used various properties of the adjoint operation and the commutativity of
the factors in the definition of V. Furthermore, by the spectral mapping theorem,
p€o(V)iff p= 3% with X € o(T), hence clearly u # 1.

(b) Conversely, every unitary operator V' such that 1 ¢ o(V) is the Cayley transform
of some selfadjoint operator 7.

Solution.
Since 1 € p(V), the operator
T=—i(I-V)" ' (I+V)
is a well-defined element of B(X). We have
(I-V)T =—i(I+V). (18)

Taking adjoints, we get
T*(I-V*)=4iI+V").

Multiplying this equation on the right by V and using the relation V*V = I, we obtain
T(V =I)=4V + 1),

Hence
T = —(I+ V)T -V) ' =T,
by commutativity of the factors. Thus 7 is selfadjoint. Rearranging Equation (18),

we have T' 4 i = V(T — iI), and since T — ¢ is non-singular (for 7" selfadjoint!), it
follows that V = (T +4I)(T — iI)~!, as desired.

Riemann integrals of operator functions

13. Let X be a Banach space, and let T(-) : [a,b] — B(X) be strongly continuous
(that is, continuous with respect to the s.o.t. on B(X)). Prove:

(a) ||T°(+)|| is bounded and lower semi-continuous (cf. Exercise 6, Chapter 3).
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(Details. For each x € X, the function ||T(-)z|| is continuous on the closed interval
[a,b] (by continuity of T'(-) in the s.o.t. and continuity of the norm). Therefore

sup [|T(t)z|| < oo (z € X),
t€[a,b]

and consequently

sup [|T'(t)|] < oo
t€[a,b]

by the Uniform Boundedness theorem (Corollary 6.5). For each ¢ € [a,b], ||T(t)|| =
SUPgc X ||z||=1 ||T°(t)x||. Since each function ||T'(-)z|| (for unit vectors z in X) is con-

tinuous on [a, b], their (pointwise defined) supremum ||7°(-)|| is lower semi-continuous,
by Exercise 6(d), Chapter 3.)

(b) For each z € X, the Riemann integral f:T(t)CB dt is a well-defined element
of X with norm < f:||T(t)||dt||x|| Therefore the operator f:T(t)dt defined by
([2T(t)dt)e = [’ T(t)x dt has norm < [. ||T(t)||dt. For each S € B(X), ST(-) and
T(-)S are strongly continuous on [a,b], and Sf: T(t)dt = f: ST (t)dt; (fab T(t)dt)S =
[P T(t)Sdt.

(Details. The existence of the Riemann integral of the continuous function T'(-)z is
proved in the same manner as in the scalar case, through Riemann sums, etc. The
Riemann sums have norms < Y, ||T(7)z||(tx — tk—1) for any partition a =ty < z1 <
o< zp=band 7 € [tk—1,tk|, Kk =1,--- ,n. Since ||T(-)z|| is continuous, these latest
Riemann sums converge to f: ||T(t)x|| dt when the “norm” of the partition tends to
zero. Hence

b b
I / T(t)a di]| < / T (8)2]| dt (19)

for all z € X. The integrand on the right hand side of (19) is < ||T(¢)|| ||=||, which
is L.s.c. and bounded (by Part (a)), and is therefore a Borel integrable function. We
then conclude from (19) that || f; T(t)dt|| < f[a,b] || T(¢)|| dt.

If S € B(X), the strong continuity in [a,b] of ST(-) and T(-)S are obvious, and
therefore their integrals over [a,b] make sense as described in the statement of the
exercise. For each z € X and each partition {tx} and 7, as above, S >, T'(7%)z (tx —
th—1) = >k ST(7)z (tr — tg—1), and therefore, letting the norm of the partition tend
to zero, we obtain (by continuity of S)

5 / Tty di = / " §T(t)e di, (20)

that is, Sf: T(t)dt = f; ST(t)dt. Multiplication on the right by S is dealt in the
same manner. Note that (20) is also valid for S € B(X,Y’), for any Banach space Y.

Taking in particular ¥ = C, we have z* fj T(t)xdt = f:x*T(t)m dt for all z* € X*.)
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(Details. Denote V(¢ f T(s)ds. Then for t # cin [a, b]

||[V(t)j Y el = [ e - @elasie -l 1)

Let € > 0. By continuity of 7'(-)z at c, there exists § > 0 such that ||T'(s)z—T(c)z|| < €
if |s — ¢| < 8. Hence for |t — c| < §, it follows that the left hand side of (21) is < ¢.)

d) If T(-) = V'(-) (derivative in the s.o.t.) for some operator function V', then
(

[2T(t)dt = V(b) — V(a).

(Details. For all x € X and z* € X*, 2*T(-)z is the derivative of z*V(-)z, and
therefore, by the classical fundamental theorem of calculus (cf. observation following

(20) b b
m*/a T(s)xds = /a z*T(s)xds = 2"V (b)x — 2"V (a)z,

and (d) results from Corollary 5.7.)

(e) If T(:) : [a,00) — B(X) is strongly continuous and [ °||T'(t)||dt < oo, then
limps 00 f; T(t)dt := [ T(t)dt exists in the norm topology of B(X), and || [° T(t)dt|| <
[Z2NIT(¢)|| dt. (Note that ||T'(-)|| is Ls.c. by Part (a), and the integral on the right

makes sense as the integral of a non-negative Borel function.)

(Details. For ¢ > b > a we have by Part (b)

||/:T<t)dt—/ £) dt]] = ||/ ) dt] </(bC]||T<t>||dt. (22)

k]

By hypothesis (and Part (a)), ||T(-)|| € L'([a,00)). Since |[T(:)||I(5,q are dominated
by ||T(-)|| and converge to 0 as ¢ > b — oo, it follows from the Dominated Convergence
theorem that the right hand side of (22) converges to 0 as ¢ > b — 0. Since B(X)

is complete, we conclude from (22) that limp_, o f: T(t)dt := [>°T(t)dt exists in the
norm topology of B(X). Furthermore, taking b = a in (22) and letting ¢ — oo, we
obtain the inequality || [~ T(t) dt|| < f | T°(¢)|| dt.)

Semigroups of operators

14. Let X be a Banach space, and let T'(-) : [0,00) — B(X) be such that T(t + s) =
T(t)T'(s) for all t,s > 0 and T(0) = I. (Such a function is called a semigroup of
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operators.) Assume T'(-) is (right) continuous at 0 in the s.o.t. (briefly, T(-) is a
Cy-semigroup). Prove:

(a) T'(-) is right continuous on [0, 00), in the s.o.t.

(Details. Fix t > 0 and z € X. For h > 0,
1Tt + h)z = T(t)|| = [[T(R)[T(¢)] - [T(t)z]|| = 0

as h — 0, by the Cy condition with the fixed vector T'(¢t)z. Since z € X and ¢t > 0 are
arbitrary, this proves the right continuity of 7'(-) on [0,00) in the s.o.t.)

(b) Let ¢, :=sup{||T(¢)||; 0 <t <1/n}. Then there exists n such that ¢, < oo. (Fix
such an n and let ¢ := ¢,(> 1).) Hint: the Uniform Boundedness theorem.

(Details. If c,, = oo for all n, there exists ¢, € [0,1/n] such that ||T'(¢,)|| > n (for
n = 1,2,---). Hence sup, ||T(t,)|| = oo. By the Uniform Boundedness theorem
(Corollary 6.5), there exists * € X such that sup,, ||T(¢,)z|| = co. However, since
t, — 0, ||T(tn)z|| — ||z|| by the Cy condition, and therefore the sequence {||T(¢.)z||}
is bounded, contradiction! Note that ¢ > ||T°(0)|| = 1.)

(c) With n and ¢ as in Part (b), ||T(¢)|| < Me* on [0,00), where M := ¢"(> 1) and
a:=log M(>0).

Solution.

Fix t > 0, let [t] be its entire part and {¢} its fractional part. By the semigroup

property,
T(t) = T(1/n)™MT({t}/n)".

Since 1/n and {t}/n belong to [1,1/n], we have ||T(1/n)|| < c and ||T'({t}/n)|| < ¢,
and therefore (since ¢ > 1)

IT(#)]] < (eI < () = M et

for M and a as in the statement of the exercise. Note that M > 1 (since ¢ > 1), and
therefore the desired inequality is also true for ¢ = 0.

(d) T'(+) is strongly continuous on [0, c0).
Solution.

By Part (a), it suffices to prove left continuity on (0,00) in the s.o.t. Fix z € X
and t > 0. For 0 < h < t, we have by the semigroup property and Part (c)

IT(t = h)z = T(t)z|| = [|IT(¢ - h)[e = T(h)e]|| < ||T(t = W)|| [IT(h)z — 2]
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< M M| |T(h)x —z|| = 0

as h — 0+, by the Cy property.

(e) Let V(t) := [

o I'(s)ds. Then

TRV (t)=V(t+h)—V(h)  (ht>0).

Conclude that (1/h)(T'(h)—I)V(t) — T(t)—I in the s.o.t., as h — 0+ (i.e., the strong
right derivative of T'(-)V (t) at 0 exists and equals T'(t) — I, for each ¢ > 0). Hint:
Exercise 13, Part (c).

Solution.

By Exercise 13(b) and the semigroup property

T(R)V (t) = /Ot T(R)T(s) ds = /OtT(s +h)ds = /hHh T(s)ds = V(¢ + h) — V(h).

(1/m[T(h) = IIV() = (1/R)[V(t + h) = V(h) = V(2)]
= (1/W)V(t+h) =V (6)] = (1/R)[V(R) = V(0)].
By Exercise 13(c), it follows that (in the s.o.t.)

lim

hoor b V(t)=V'(t)-V'(0) =T(t) - I.

(f) Let w := infy5g t~!log |T(¢)]|- Then w = lim;— t~!log |T(¢)]|(< oo) (cf. Part
(c)). Hint: fix s > 0 and r > s~ 'log||T(s)||. Given t > 0, let n = [t/s]. Then
t~Mog [|T(t)|| < rns/t +t~" supjg g log[|T(-)]]. (w is called the type of the semigroup

7().)
Solution.

Fix s > 0 and set K = supyg 4 log||T(-)|| (cf. Exercise 13(a)). Let 7 be as in the
hint. Fix ¢ > 0 arbitrary, and let n = [t/s] . Then ¢t = sn 4 s, where s’ = s{t/s} < s,
and therefore by the semigroup property

T @) = 11T (s)"T(s")]| < [[T(s)[|™IT(s")]I,
and consequently

(1/t)log ||T(#)|] < (n/t)log ||T(s)|[ + (1/t)Ks < nrs/t + K./t <7+ K,/t.
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Hence
tim sup(1/2) log | T(#)]] < r
t— oo

for any r > (1/s)log||T(s)||, and any s > 0. It then follows that

lim sup(1/t)log ||T(t)|| < w.
t— oo

Since we have trivially w < liminf; ,.(1/¢)log||T(¢)||, we conclude that the limit
lim; oo (1/t)log ||T(t)|| exists and is equal to w. By Part (c), the limit is < a < oo.

(g) Let w be the type of T'(-). Then the spectral radius of 7'(¢) is e“?, for each ¢ > 0.
Solution.

This is trivial for ¢ = 0. Fix then ¢t > 0. By the Beurling-Gelfand formula (Theorem
7.9) and Part (f), we have

r(T(t)) = lim [|T()" |/ = lim exp{t[(1/nt) log || T(nt)||]}

= exp{t liyrln(l/nt) log ||T(nt)||} = e“*.



