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CHAPTER 8
HILBERT SPACES

The trigonometric Hilbert basis of L?

1. Let m denote the normalized Lebesgue measure on [—7,w]. (The integral of f €
L'(m) over this interval will be denoted by ffdm.) Let ex(z) = etke (k € Z), and
denote

Sp = Z ek (n=0,1,2,...)

|k|<n

|
-

n

on=(1n) Y s;  (neN.

.
Il
<)

Note that o1 = sg = eg = 1, {ex;k € Z} is orthonormal in the Hilbert space L?(m),
and

(a) sn(m) _ cos(nz)—cos(n+1)z — sin(n+1/2)m.

l—cosz sin(z/2)

Solution.

Let t,, :=> ¢ _oex (n=0,1,---). Then
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: — ok
Since ey = ef,

et -1
tn:Zel: eg — 1 (4)
k=0
By (3) and (4)
. _e?"’l—l entt 1_1
€1 — 1 a -1

_e’f—e?"’l+e?—e?+1+(1—el)+1—el _1
B lex — 12

_ R(e} —eft')  cos(nz) —cos(n + 1)z
R(1—e) 1—cosz '

Using the addition identities for the cosine and sine functions and the identities 1 —
cosz = 2sin?(z/2) and sin x = 2sin(z/2) cos(x/2), we obtain

cos(nz)(1l — cosz) + sin(nz) sinz
2sin’(z/2)

Sp =

cos(na:) sin? (m/2) + sin(nw) sin(a:/2) cos(a:/2)
sin?(z/2)

cos(nw) sin(:t:/2) + sin(n:c) cos(m/2) _ sin(n + 1/2):1:
sin(z/2) sin(z/2)

. 2
(b) on(@) = (1/n) 722202 = (1/m) (Zp2f2))",

(This is an immediate consequence of Part (a) and the identity 1 —cost = 2sin?(t/2).)

(c) {o.} is an “approximate identity” in the sense of Exercise 6, Chapter 4. Conse-
quently o, x f — f uniformly on [—7, x| if f € C([-m,n]) and f(7) = f(—7), and in
LP-metric if f € LP := LP(m) (for each p € [1,00)). (Cf. Exercise 6, Chapter 4.)

(Details: o, > 0 by Part (b); fandm = 1 by (2); finally, for any 0 < § < |z| < m,
sin?(z/2) > sin?(§/2), and therefore

sup on(z) < sin_2(5/2)/n -0
§<|z|<m

as n — 0o. This shows that {0, } is an approximate identity in the sense of Exercise
6, Chapter 4, and the stated consequences follow from that exercise.)
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(d) Consider the orthogonal projections P and P, associated with the orthonormal
sets {ex;k € Z} and {eg;|k| < n} respectively, and denote Q,, = (1/n) Z::_()l P; for
n € N

Terminology: Pf = Zkez(f, er)er is called the (formal) Fourier series of f for
any integrable f (it converges in L? if f € L?); (f, ek) is the k-th Fourier coefficient
of f; P,f is the n-th partial sum of the Fourier series for f; Q,f is the n-th Cesaro
mean of the Fourier series of f.

Observe that P, f = s, x f and @, f = 0, * f for any integrable function f. Conse-

quently Q,f — f uniformly in [—m, 7] if f € Cr := {f € C([—n,n)); f(n) = f(—n)},
and in LP-norm if f € LP (for each p € [1,00)). If f € L*>® := L*®°(—m,7), Qnf — fin
the weak*-topology on L. (Cf. Exercise 6, Chapter 4.)

(Details: we have

(f,er)er(x /f

- /f(y)ek(m —y) dm(y) = (ex * f)(z).

Hence
Pof:=Y (frer)er= Y (exxf)=sn*f (5)
|k|<n |k|<n
and i
= (1/n) ZPf (1/n) Zsj*f:an*f. (5")
7=0

The remaining statements are a rewording of Part (c) (and Exercise 6(c), Chapter 4),
using (5’).)

(e) {ex; k € Z} is a Hilbert basis for L?(m). (Note that Q, f € span{es} and use Part
(d).)

(Details: by Part (d), Q,f — f in L?(m)-norm, for every f € L?(m). Hence L?(m) =
span{eg}, since @, f is clearly in the span of {ex}, for each n € N. By Terminology
8.11, this shows that the orthonormal set {ey} is a Hilbert basis for L?(m).)

Fourier coefficients

2. (Notation as in Exercise 1.) Given k € Z — ¢, € C, denote g, = Z|k|<n CLek
(n=0,1,2,...) and G, = (1/n) Z;:ol g; (n € N). Note that (gn,em) = ¢m for n > |m|
and = 0 for n < |m|, and consequently (G,,ex) = (1 — |k|/n)ck for n > |k| and = 0
for n < |k|.
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k| and = 0 otherwise. If
and n — 1; hence

(Details: by orthonormality of {er}, (g9;,ex) = cx if j >
¢| indices j between |k

(G ex) = 1/nigj,ek (1/n)(n — Ikl)ex

Ifn< |k|, (gj,ek) =0 forall 7=0,---,n—1, hence (Gn,ek) = 0.)
(a) Let p € (1, 00]. Prove that if

M = sup ||G.]|p, < oo, (6)

then there exists f € LP such that ¢, = (f,ex) for all k € Z, and conversely. (Hint: the
ball B(0, M) in L? is weak*-compact, cf. Theorems 5.24 and 4.6. For the converse,
see Exercise 1.)

Solution.

Let g € [1,00) be the conjugate exponent of the given p € (1, oo]; LP(m) is isometri-
cally isomorphic to L9(m)* (cf. Theorem 4.6). Hence, by Alaoglu’s theorem (Theorem
5.24), the norm-closed ball E(O, M) in LP(m) is weak*-compact. If (6) holds, the se-
quence {G,} is contained in B(0, M), and consequently there exists a subsequence
{G,,} converging weak* to some f € LP(m). For each k € Z, we have e, € L(m);
hence (G, ex) — (f,ex) as I — oo, and therefore, by Part (a),

k
(fa ek) = lim (Gnl,ek) = hm(l — _)Ck = Ck.
=00 l n

Conversely, if ¢, = (f, e) for some f € LP(m) and all k € Z, then g,, = Z|k|<n(f, er)ex

P.f, hence G,, = Q.. f for all n € N. Therefore, by Exercise 1 (Parts (d) and (c)) and
Exercise 5, Chapter 4,

1Gnlle = 1@nfllp = llon * fllp < llonl 1| £ll, = [If]]»

for all n € N, that is M < ||f]],-

(b) If {G.,.} converges in L!-norm, then there exists f € L! such that ¢, = (f,es) for
all k € 7Z, and conversely.

Solution.
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Let f be the limit of {G,} in L'(m)-norm. Then for all k € Z, we have (Gp,ex) —

(f,er) as n — oo, since strong convergence implies weak convergence; hence

b LI _
Ck = nh_}m()()(l — ?)ck = hTIIn(Gn,ek) = (f,ex)-
Conversely, if there exists f € L'(m) such that ¢, = (f,ex) for all k& € Z, then as in
the ”converse” part in (a), G,, = Q. f — f in L!(m)-norm, by Exercise 1(d).

(c) If {G,} converges uniformly in [—m, 7], then there exists f € Cr such that ¢ =
(f,ex) for all k € Z, and conversely.

Solution.

Clearly G,, € Cr. Let f be its uniform limit on [—m, 7] (according to the hypothe-
sis). Then f € Cr, and for all k € Z, we have

k
¢k = lim (1—| |

n—oo n

Yok = lir_'rln / Grpe_rdm = /fe_kdm = (f,ex)

by uniform convergence.
Conversely, if ¢, = (f,ex) for some f € Cr (for all k € Z), then G, = Qnf — f
uniformly in [—7, 7], by Exercise 1(d).

(d) If sup,, ||Gnl||l1 < o0, there exists a regular complex Borel measure p on [—m, 7] with
p({r}) = p({—=}) (briefly, p € Mr) such that ¢, = [ erdp for all k, and conversely.
(Hint: Consider the measures du,, = G,,dm, and apply Theorems 5.24 and 4.9.)

Solution.

Let M := sup, ||Gn||l1 (M < oo by hypothesis), and define the measures du,, =
G,hdm. By Theorem 1.47,

linl] = |pn|([=m, 7]) = / |Grldm = |G|l < M. (7)

By the Riesz Representation theorem (Theorem 4.9) and Alaoglu’s theorem (Theorem
5.24), the strongly closed ball B(0, M) of M,([—m,n]) (notation as in Exercise 2,
Chapter 4) is weak*- compact. Therefore, by (7), there exists a subsequence {fx,,}
converging weak™ to some py € M,.([—m,x]). Since e, € C([—m,7]), we then have for

all k e Z

=0

k
/e_kd,uo = ll_i)ngo/e_kadm = lim (1 — |n—l|)ck = Cg.
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Setting p(E) = po(—FE) for all Borel sets E C [—m, 7], we get [ erdu = [e_rduo = cx
for all k € Z. (p “inherits” 2m-periodicity from G,,.)
Conversely, if ¢ = f erdp for some p € M7 and all k € 7Z, then

=Y [t tuut) = [ s+ u)duty) (®

|k|<j

and therefore

Gula) = [ onle + 9)du(y). (9)

Since o,, are non-negative, continuous, 27-periodic, with integral equal to 1, we obtain
by an application of Tonelli’s theorem

1Galls < //anx+yd|u| ) din(z //anﬁydm( Jdlial(y) = [lnll,

and the condition sup,, ||G.|| < oo is satisfied.

(e) If G,, > 0 for all n € N, there exists a finite positive Borel measure p as in Part
(d), and conversely.

Solution.

If G, > 0foralln €N, ||Gpll1 = [ Gndm = (Gr,e0) = co, and the condition in
Part (d) is trivially satisfied. In the present case, the measure p € My obtained in
Part (d) is the weak*-limit of positive measures p,,, and therefore [ fdu > 0 for all
f € C([—m,w])*. Since u is regular, the latter space is dense in L*(|u|)* (cf. Corollary
3.21), and it follows that [ f du is non-negative for all f € L'(|u|)*, hence in particular
for indicators Ig of Borel sets E C [—7, 7], i.e., u(E) > 0.

The converse follows from (9), since o, > 0 for all n € N.

Poisson integrals
3. (Notation as in Exercise 1.) Let D be the open unit disc in C.
(a) Verify that Z—fj =1+2) 1en e_z* for all z € D, where the series converges

absolutely and uniformly in z in any compact subset of D). Conclude that for any
complex Borel measure p on [—m, 7],

o2) = [ S = p(m) +2 Y et (10)

eé1 — 2
1 kEN
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where ¢, = [ e_pdp and integration is over [—m,7]. In particular, g is analytic in D,
and if p is real, Rg(z) = [ éRZi—fjdu is (real) harmonic in D. Verify that the “kernel”

6

in the last integral has the form P,(0 — t), where z = re’® and

1—1r2

—1 — 2rcos@ + r2

P.(6) :
is the classical Poisson kernel (for the disc). Thus
(Ro)(rei”) = (P x w)(0) i= [ Pol6 ~ )du(t) (1)

(Details. As a geometric series Y e_j2® = > (e_12)* converges absolutely and uni-
formly in z on any compact subset of D (since |e_;z| = |z]). Also

2e_q1z e+ =2

142 k=1 = .
+ I;e k2 +1—e_1z el — 2

For each fixed z € D, the series of absolute values is a constant series with respect to
t on [—m,7|; by the Weierstrass test, the series converges uniformly with respect to ¢
on [—m, 7], hence can be integrated term-by-term on this interval. This yields (10).

The formula %2535 = P.(6 —t) (where z = rew) is verified by direct calculation.)

(b) Let 1 be a complex Borel measure on [—m, 7]. Then P, % p1 is a complex harmonic
function in D (as a function of z = reie). (This is true in particular for P, x f, for any

feL'(m).)

(Details. It was observed in Part (a) that g (defined by (10)) is analytic in D, and if p
is real, then P, % pt = Rg is (real) harmonic in D (cf. (11)). In the general case, write
u = A+ with A\, v real Borel measures. Then P, x u = P, x A+ 1P, x v is a complex
harmonic function in D as a function of z = re®.)

(c) Verify that {P,;0 < r < 1} is an “approximate identity” for L' in the sense of
Exercise 6, Chapter 4 (with the continuous parameter 7 instead of the discrete n).
Consequently, as r — 1,

(i) if f € LP for some p < oo, then P, * f — f in LP-norm;

(ii) if f € Crp, then P, x f — f uniformly in [—m, 7];

(iii) if f € L*°, then P. x f — f in the weak*-topology on L°°;

(iv) if u € My, then (P, % p)dm — du in the weak*-topology.
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Solution.

Since 1 —2rcos@+7% > 1—2r+7r? = (1—7)2 > 0, the Poisson kernel P, is positive
and continuous (hence Lebesgue measurable) on [—7, 7]. By (11) and (10) with u = m,
the periodicity of P,, and orthonormality of {eg}

/Prde =P.x1=Rg= §R<m([—7r,7r]) +2 Z(eo,ek)zk) = 1.
keN

Since cosf < cosd when § < |0| < 7, we have for any § > 0

1— 2
sup P.(0) < T 5 — 0
§<6<m 1—2rcosé+r

as r — 1—. Collecting, this verifies that {P,; 0 < r < 1} is an approximate identity
for L'(m) in the senses of Exercise 6, Chapter 4. Statements (i), (ii), (iii) follow then
from (b), (a), (c) in that exercise (respectively).

For any f : [-m, 7] — C, denote f(t) = f(—t). Let f € Cr. By (ii) (and commutativity
of the convolution), fxP, — f uniformly on [—m, 7] as r — 1—; hence for any p € My,

[(F 5 Py) % 1)(0) = [F # 1] (0) = / f dp.

By associativity of the convolution, this means that

/f(P,,*,u)dm:[f*(Pr*,u)](O)—)/fdu

as r — 1—, for all f € Cp. Equivalently, (P, * u)dm — dp in the weak*-topology of
Mryp.

(d) For u € My, denote F(t) = p([—m,t)). If p([—m,7]) = 0, verify the identity

0+1t)— F(0—t)

2sint

dt, (12)

(Pox (@) =7 [ ()

where ) )
2(1 —r?)sin®¢
K.(t) = . 13
(t) (1 —2rcost + r?)? (13)

Verify that {K,;0 < r < 1} is an approximate identity for L!(m) in the sense of
Exercise 6, Chapter 4. (Hint: integration by parts.)

Solution.
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Routine calculation shows that

K.(t)

P(t) = — . 14
1(1) = —r2rt (14)
Therefore the right hand side of (12) is equal to

(1/2)/P,',(t)[F(9 —t)— F(0 +t)]dt. (15)

We now integrate by parts. Since P.(w) = P.(—7), and g € My is extended beyond
[, 7] in a 27-periodic manner, the integrated part is equal to

P.(m)[F(0 —7) — F(0+7) — F(0 +7) + F(0 — )]
= 2P (m)u([—7m+ 0,7 +6)) = —2P.(m)p([-m,7]) =0 (16)

by the hypothesis u([—m, 7]) = 0. The integral part is equal to

/ Po(t)du(6 — ) + / Po(t)dp(6 + 1). (17)

Since P, is even, this last expression is equal to 2 [ P.(t)du(0 —t) = 2(P, x u)(0), and
(12) follows now from (15), (16), and (17).

The functions K, are non-negative elements of Cr. By (14) and integration by
parts

/Krdm - —(l/r)/P,ﬂ(t) it dm = (1/r)/Pr(t) costdm = (1/r)(Py x cost)(0).
(18
Let g correspond to the measure du = costdm as in Part (a). Then p([—m, 7)) =
[ costdm = 0, and

T /coste_kdm = (1/2)(e1 + e—1, ex) = (1/2)d1

for all K € N. By (10) we then have g(z) = z, and therefore (P, *cost)(0) = Rg(re?) =
rcos@. Hence by (18), [ K,.dm = 1. Finally, for any 0 < § <,

sup K,.(t) < 2(1 %)

0
s<t<m ~ (1 —2rcosé +r2)? -

asr — 1—.
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(e) Let Gg(t) denote the function integrated against K,.(¢) in (12). If F' is differentiable
at the point 0, G(-) is continuous at 0 and G(0) = F’(#). Conclude from Part (d) that
P.xp— 2nF' (= 2rDp = ‘jl“—n‘;) as 7 — 1 at all points 6 where F is differentiable, that
is, m-almost everywhere in [—7, 7). (Cf. Theorem 3.28 with & = 1 and Exercise 4(e),
Chapter 3; note that here m is normalized Lebesgue measure on [—m, 7].) This is the
“radial limit” version of Fatou’s theorem on “Poisson integrals”. (The same conclusion
is true with “non-tangential convergence” of re®® to points of the unit circle.)

Solution.

If F is differentiable at the point 6, w — F’(0) as t — 0. Therefore
Gg(t) = W(t/ sin t) — F'(G), and if we extend the definition of Gg tot =0
by letting G(0) := F’(0) (and 27-periodically outside [—m,7]), we obtain Gy € Cr.
Suppose p([—m,n]) = 0. By (12) and Exercise 6(a), Chapter 4, since K,.(—t) = K,.(t),
we have for all 6 as above

(P % p)(0) = 2mr / K.(0—t)Gy(t)dm — 2mGy(0) = 2nF'(0) = 2n(Dp)(0) (19)

asr — 1—, where Dy is the derivative of u with respect to the Lebesgue measure dt (cf.
Exercise 4(e), Chapter 3). Furthermore, these points 6 are precisely the points where
(Dp)(0) exist, that is, m-almost every point in [—m, 7], by Theorem 3.28. Also, by
that theorem, 27Dy = 27 dc’l‘t“ = Z’;j‘: (the Radon-Nikodym derivative of the absolutely
continuous part p, of p).

The restriction pu([—m,7]) = 0 can be removed as follows. Denote (for any p € Mr)
p([—m,m]) = cand F,(t) = p([—m,t)). Since Fepn(t) = (¢/2m)(t+) is differentiable for
all ¢ (with derivative ¢/27), and F,, = F},_cp, + Fepn, it follows that F, is differentiable
at 0 iff F,_.,, is, and in that case

21F,,_ . (0) =27F,(6) —c. (20)

p—cm

The measure p — cm satisfies the condition (p —cem)([—m,7]) = 0, and therefore, if F,
is differentiable at 6 (i.e., F,,_.y, is differentiable at 0!), then as r — 1—,

(P % (u—cm))(0) — 27rF;L_cm(0). (21)
By Part (c),
(P x em)(6) = c/ P6—t)dm=c  (6¢[-m7]). (22)

Therefore, by (20)-(22),

(P, 5 1)(8) = (P, % (1 — cm)) (6) + (P, x cm)(6) — 27 (9).
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The verification of the remaining assertions does not depend on the extraneous condi-
tion p([—m,n]) = 0.

(f) State and prove the analog of Exercise 2 for the representation of harmonic functions
in D as Poisson integrals.

Solution.

Statement. Let f be a complex harmonic function in D, and let f.(8) = f(re),
0<r<1, 6e€[-mmn.

(i) If 1 < p < oo, then f is the Poisson integral of an LP- function iff sup,. ||f,|[, < oo.
(i) f is the Poisson integral of an L!-function iff f, converge in L! as r — 1—.

(iii) f is the Poisson integral of a continuous function iff f,. converge uniformly as
r—1—.

(iv) f is the Poisson integral of a (regular) complex Borel measure iff sup,. ||f»||1 < .

(v) f is the Poisson integral of a finite positive (regular) Borel measure iff f > 0
(Herglotz’ theorem).

Proof.

(1) If f is the Poisson integral of h € L?, then f,. = P,.xh, and therefore, by Exercise 5,
Chapter 4 (adapted to periodic functions on [—, x]), sup,. || f-||, < sup, || P-|[1]|2||, =
||h||p, < co. Conversely, suppose M := sup,. ||f||p < co. Then the set {f.; 0 <r < 1}
is contained in the closed M-ball of L?, which is weak*-compact by Theorems 4.6 and
5.24. Let h € L? be a weak™-limit point of f,. as r — 1—, say f., — h weak™ and
r, — 1— as k — oo.

If f= f(rew) is real harmonic in D, it is the real part of an analytic function in D,
and has therefore an (absolutely convergent) expansion of the form ), cprinle
D. The same is true for f complex harmonic (consider f and If, etc.). Since the
series converges uniformly on any circle {z; |z| = r}, it follows that (f.,e,) = c /™
for all n € Z. Since e,, € L9 (for ¢ the conjugate exponent of p),

inb in

(h, en) = liin(frk , en) = h]Icn Can'rﬂ =c,

for all n € Z. We observe that r/"l is the n-th Fourier coefficient of P,; since we just
found that ¢, is the n-th Fourier coefficient of h, it follows (cf. Exercise 7(f), Chapter
2, adapted to the periodic case) that ¢,,r!™ is the n-th Fourier coefficient of P, x h,
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for all n € Z. Since the Fourier coefficients determine an integrable function uniquely
(a.e.) on [—m, ], we conclude that f. = P.xh for r <1 and § € [—7, 7| (everywhere,
by continuity!).

(i) If f. = P.xh with h € L', then f, — hin L! asr — 1—, by Part (c)(i). Conversely,
if f. — hin L', then for all n € Z (by our previous calculation)

= i Inl =1 = (h
¢n = lim cpr lp(fr,en) (hyen),
and we conclude as before that f. = P, % h (because they have the same Fourier

coefficients c,r™l, n € Z).

(ii) If f. = P, x h for some h € Cr, then f. — h uniformly on [—7,7] as r — 1—,
by Part (c)(ii). Conversely, if f. converges uniformly as r — 1— (to some h), then
necessarily h € Cr and ¢, = (h,e,) for all n (same calculation as above). It then
follows as before that f, = P, x h.

(iv) If f. = P, * p for some complex Borel measure p , then by Tonelli’s theorem
(Theorem 2.18)

i< [ [ pio—odulodm = [ [P0 = oam diul(o) = |

Conversely, assume M := sup,. ||f-||1 < oo. The set of (regular) complex Borel mea-
sures {f.dm; 0 < r < 1} is contained in the closed M-ball of My, which is weak*-
compact, by Theorems 4.9 and 5.24. If g € Mr is the weak*-limit point of the
measures f,., dm (where rp, — 1—), then (since e, € Cr and My is identified with C7
through Theorem 4.9)

/ endp = liin / enfr,dm = liin cnr}:”| =c,

—T

for all n € Z. Thus c,r!"! are the Fourier coefficients of P, x i (cf. solution of Part
(i), and we conclude that f,. = P, * p.

(v) If f = P, u for some non-negative finite Borel measure p, then f,. > 0 trivially,
because P, > 0. Suppose conversely that f is a non-negative harmonic function in D.
Then (cf. proof of Part (i))

frll = (fr, €0) = co
for all 0 < r < 1, that is, f,. satisfies trivially the condition of Part (iv). Hence
fr = P * p for some p € Myp. By Part (c)(iv), it follows that f.dm — dp weak™ as
r — 1—, that is,
/ hdp = lim hf.dm
r—1—

—T7 — T
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for all h € Cr. In particular, [hdy > 0 for b > 0 (because f. > 0), that is,
the map h — [ hdp is a positive linear functional on Cr. By the Riesz-Markov
theorem (Theorem 3.18, including the uniqueness of the representation), the measure
w is positive (and finite, since it belongs to Mr).

4. Poisson integrals in the right half-plane. Let C* denote the right half-plane, and

T
P.(y) = w—lm (z > 0;y € R).

(This is the so-called Poisson kernel of the right half-plane.) Prove:

(a) {P;z > 0} is an approximate identity for L'(R) (as z — 0+). (Cf. Exercise 6,
Chapter 4.) Consequently, as ¢ — 0+, P, x f — f uniformly on R if f € C.(R), and
in LP-norm if f € LP(R) (1 < p < 00).

Solution.
The functions P, (z > 0) are positive and continuous on R, and the change of

variables y = tx (z > 0 fixed) shows that ||P;||1 = (1/7) [z dt/(1+t*) = 1. For any
6>0,

/ Pu(y) dy = (2/7) / T IW (o)) n/2 — arctan(8/z)] 5 0 (23)
i 5

2 +y

as ¢ — 0+. These properties of {P,;z > 0} are the L!(RR) version of the properties of
an "approximate identity”. (cf. Exercise 6, Chapter 4 for the L!([—m, 7])-version).

If f € C.(R), it is uniformly continuous on R. Given € > 0, there exists § > 0 such that
|f(t—y) — f(t)| < €/2 for |y| < . We may consider only f for which ||f|], # 0 (since
the following result is trivial for f identically 0). By the properties of the approximate
identity, there exists 7 > 0 such that f|y|25 P.(y)dy < €/(4]|f||) for 0 < z < n. Hence
for 0 <z < nand all t € R,

(Pa % £)(8) = £(8)] = / (£ = 9) = FE)Palu)dy (24)

< fite-a-s01Rs / .

The first integral is < €/2 by the choice of § (since P, > 0 and [ P,(y)dy = 1). The
second integral is < 2| |« f|y|>5 »(y)dy < €/2 for 0 < < 1. Hence ||P s f—fllu <€
for 0 < z < n, that is, P, * f — f uniformly on R.

Moreover, for any p € [1,00) (still for f € C.(R)), P, * f — f in L?(R)-norm. Indeed
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by (24) and the integral form of Minkowski’s inequality (which is easily verified, using
Riemann sums approximations of the integral in (24)),

1Pox £ = 1l < [ 15y = flaPuw) d, (25)

where f,(t) = f(t —y). We break the integral as before, with § > 0 chosen such
that ||f, — fl|p < €/2 for |y| < § (cf. Exercise 1, Chapter 3). We then choose 1 such
that f|y|>5 P,(y)dy < €/(4]|f||p) for 0 < = < n(cf. (23)). Since ||fyll, = ||fllp (by
invariance of the Lebesgue measure), we conclude from (25) that ||P, * f — f||, < € for
0 <z <mn,thatis, P,x f — fin LP(R)-norm (for f € C.(R)). An ¢/3-argument as in
Exercise 6, Chapter 4 extends this fact to all f € LP(R). Let f € LP(R) and € > 0. By
density of C.(R) in LP(R) (for 1 < p < oo; cf. Corollary 3.21), there exists g € C.(R)
such that ||f — g||, < €/3. By the preceding result for C.(R), || P, *x g — g||, < €/3 for
0 < z < 7, for suitable 1. Then

Pex f = fllp <|[Pex (F = 9)llp +1|Pexg—gllp+ [lg = fllp <e

for 0 < z < 7 (the first summand above is < ||P.||1||f — gllp = |If — 9llp < €/3, by
Exercise 5, Chapter 4).

(b) (P, x f)(y) is a harmonic function of (z,y) in C* (for any f € LP(R), 1 < p < 00).
Solution.

Clearly P,(y—t) = Rg(z —it) (2 = & +1y), where g(z) = 1/(wz). Therefore for any
real measurable f such that g(z —i-)f is integrable over R,

(Pox£)0) =% [ az=i)f()dt (=2 +iv). (26)

Since |g(z —3-)| = (1/7)(22 + (y — -)2)" /2 € L9(R) for each fixed » € Ct and
1< qg< oo, fg(z2—1i) € LY(R) for f € LP(R) (1 < p < o), so that (26) is valid in that
case (for f real-valued). Denote the integral in (26) by G(z). One verifies easily that
G is analytic in C*, and therefore, by (26), (P, * f)(z) is a real harmonic function
for (z,y) in the right half-plane (for each real f € LP(R), 1 < p < o0). If f € L?(R)
is complex-valued, we apply the preceding conclusion to its real and imaginary parts,
and obtain (by linearity of convolution with P,) that (P, * f)(y) is a complex harmonic
function for (z,y) € CT).

(Detail: the analyticity of G in C*. Fix 2z = z + 1y € Ct. Consider w = u + v in the
(x/2)-neighbourhood of z. We have

Gw) = G2) _ (1 /m / FO(z — it) (w — it)] L dt. (27)

w—z
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The integrand is dominated by (2/z)|f(¢)||z — it|™* € L}(R) (for f € LP(R), 1 <
p < o0), and converges pointwise to f(t)(z — it)~2 as w — x. Hence, by the Dom-
inated Convergence theorem (Theorem 1.20), the left-hand side of (27) converges to

(1/m) f ft)(z —it)72dt as w — z.)

(c) If f € LP(R), then for each § > 0, (P, * f)(y) — 0 uniformly for z > § as 22 +y? —
oo. (Hint: use Holder’s inequality with the probability measure du = P,(y — t)dt for
z,y fixed.)

Solution.

Fix § > 0. Let g be the conjugate exponent of p, 1 < p < oo, and let u be the
probability measure in the hint. By Holder’s inequality with the functions 1 € L9(pu)
and f € LP(p) (||f||, > 0 without loss of generality),

[(Pe % 1) ()] < 1|y = (Po * | £7) (). (28)

However P,(y —t) < 1/(wz). Hence by (28) |(Ps * f)(¥)| < ||f|lp(7z)~1/P.

Given € > 0, fix M > § such that M > (1/7)(||f||p/€)?. Thenforx > M, |(P.xf)(y)| <
€ for all y € R.

Ford <z <M,

[ Petu=ols@rra < u/m) [+ =02 )P (29)

The integrand on the right hand side of (29) is dominated by §=2|f(¢)|? € L'(R) and
converges to 0 pointwise as y — co. Hence by the Dominated Convergence theorem,
the right hand side of (29) converges to 0 as y — oo. There exists then R > 0 such that
the right hand side of (29) is < €P for |y| > R. If 22 +y?> > K := M?+ R? then |y| > R
for all z < M, hence by (28) and (29) (and the choice of R), sups<, < |(Pe*f)(y)| < €.
By the choice of M, it follows that sups<, |( Py * f)(y)| < € for all y, when 22 +y? > K.

(d) If f € LY(dt/(1 + t?)), then P, x f — f as * — 0+ pointwise a.e. on R. (Hint:
imitate the argument in Parts (d)-(e) of the preceding exercise, or transform the disc
onto the half-plane and use Fatou’s theorem for the disc).

(Details. Let h:w — z = z—ﬁ be the fractional linear map of C* onto D; since it maps

the boundary 7R onto the unit circle I', we write h(it) = e~*®. Then %™ = [r(1+¢2)]"L.
If g is a measurable function on I' and F is defined on iR by F(it) = g(e~*) = g(h(it)),

then g(e™*) € L'(m) iff F(it) € L*(dt/(1 +t?)), and in that case

/W g(e=) dm = (1/7r)/ F(it) dt/(1 + £2).

-7 R
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For z := h(w) € D, writing w = x + iy, we calculate

e—if 4 i w
PL(0)(= Pr(=0)) = R~ = 9‘*2&2 = Z§w>

~—

wtw —1 T (
it —w 2+ (y—t)2
Given f € L'(dt/(1 4 t*)) and setting F(iy) := f(y), we have by Exercise 3(e) (with

the proper change of variables and the correspondence iy — e_"qs)

=R 1+ t2).

(Pox f)(y) = (Pr % g)(e™™®) = g(e™*®) = F(iy) = f(y)
for almost all y, as z — 0+.)

5. Let u be a complex Borel measure on [—7,7]. Show that

lim [ e_n,du=0 (30)
n— oo
if and only if
nl:moo e_nd|p| = 0. (31)

(Hint: (30) for the measure g implies (30) for the measure dv = hdp for any trigono-
metric polynomial h; use a density argument and the relation d|u| = hdp for an
appropriate h.)

Solution.

Assume ||p|| # 0 without loss of generality. All integrals in the following are over
[—, 7).
By linearity, if p satisfies (30), then for any trigonometric polynomial A = " c;e;, the
measure dv := hdu satisfies (30) as well ([ e_ndv =3.¢; [e;_ndpu — 0asn — oo).
Let h € Cr and € > 0 be given. By Exercise 1(d), there exists a trigonometric
polynomial hg such that ||h — ho||l. < €/(2]|u]|)- Since fe_nhod,u, — 0 asn — oo,
there exists ng € N such that | [ e_,hodp| < €/2 for all n > ng. Then for all such n,

|/e_nhdu| < |/e_n(h—h0)d,u|+ |/e_nh0du|

<|lh = hollullul| +€/2 <

This shows that (30) is valid with du replaced by hdu for any h € Cr.
By Theorem 1.46, there exists a complex Borel function k such that |k| = 1 (identically)
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and d|u| = k du. By Exercise 2, Chapter 3, |p| is a regular finite positive Borel measure
on [—m,n|. By Exercise 9, Chapter 3, there exists a sequence g; € C such that g; — k
|p|-almost everywhere (as j — co) and ||g;||« < ||k|l« = 1. Then for each n € N

| [ eniiul] =1 [[eonbanl <1 [ eonlt—g)anl +1 [ engidnl (2

The first summand on the right hand side of (32) is < [ |k — g;|d|p|. Since |[k—g;| — 0
\pl-a.e. and |k — g;| < 2 € L*(|u|), this integral converges to 0 as j — oo, by the
Dominated Convergence theorem. Given € > 0, fix then j such that [ |[k—g;|d|u| < €/2.
For this j, the second summand in (32) converges to 0 as n — oo (since g; € Cr).
There exists therefore ng such that this summand is < €/2 for all n > ng. By (32), we

conclude that ‘ f e_nd|,u|‘ < € for all n > ng, and (31) is satisfied.

One shows that (31) implies (30) in the same manner.
Divergence of Fourier series

6. (Notation as in Exercise 1.) Consider the partial sums P, f of the Fourier series of
feCr. Let
$n(f) = (Pnf)(0) = (50 x £)(0)  (f € Cr). (32)

Prove:

(a) For each n € N, ¢, is a bounded linear functional on C7 with norm ||s,||: (the
L'(m)-norm of s,). Hint: ||@n|| < [|sn||1 trivially. Consider real functions f; € Cr
such that ||f;||. <1 and f; — sgns, a.e., cf. Exercise 9, Chapter 3. Then ¢,(f;) —
[Isnl1-

Solution.

For all f € Cr, [6a(f)] = | [ safdm| < |[fllullsalls, hence [[gnl] < llsully for
n=1,2--.
Since sgn(z) : C — C is a Borel function, the function sgn(s,) (for each fixed n) is
Borel on [—7, 7], and has absolute value identically equal to 1. By Exercise 9, Chapter
3, there exist f; € Cr such that f; — sgn(s,) m-a.e. and ||f;||l. < ||sgn(sn)|l. = 1.
Hence lim; s,,f; = |sn| a.e., and |s,f;| < |sn| € L'(m). By the Dominated Conver-
gence theorem,

lijm on(fi) = li§n/snfjdm = / |snldm = ||snl]1-

Since ||¢n|| > |¢n(f;)| for all j (by definition of the functional’s norm), it follows that
l|6n|| > ||sn||1, and therefore ||@,|| = ||sn||1 for all n € N.
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o0

(b) limy, [|sp|[1 = oo. (Use the fact that the Dirichlet integral [,
converge absolutely.)

Si—?tdt does not

Details. Since |sinz| < |z| on [—m, 7], we have by Exercise 1(a)

T sin(n+1/2)x (n+1/2)7 giny
ol 22 [ P2 gy gy [ R gy o
0

—T

as n — oo, because the Dirichlet integral fooo % dy does not converge absolutely.

Hence ||s,||1 = o0 as n — oo.

(c) The subspace
Z :={f € Cr; sup|¢n(f)| < oo}

is of Baire’s first category in the Banach space C'r. Conclude that the subspace of Cp
consisting of all f € Cr with convergent Fourier series at 0 is of Baire’s first category

in Cr. (Hint: assume Z is of Baire’s second category in Cr and apply Theorem 6.4
and Parts (a) and (b).)

Solution.

Suppose Z is of Baire’s second category in Cpr. By Theorem 6.4, it follows that

sup,, ||#n|| < oo, that is, sup,, ||sn|[1 < oo (by Part (a)). This contradicts Part (b).
Hence Z is of Baire’s first category in Cr.
By Exercise 1(d), ¢n(f) := (sn * £)(0) is the n-th partial sum of the Fourier series of
f at 0. Hence the set Zj of all f € C'r whose Fourier series converges ot 0 is equal to
the set {f € Cr; lim,, ¢,(f) exists}. Since Zy C Z, Zy is of Baire’s first category in
Cr.

Fourier coefficients of L! functions
7. (Notation as in Exercise 1.)
(a) If f € L' := L'(m), prove that

lim (f,ex)=0. (33)

|k]— o0

Hint: if f = e, for some n € Z, (f,er) = 0 for all k such that |k| > |n|, and (33) is
trivial. Hence (33) is true for f € span{e,;n € Z}, and the general case follows by
density of this span in L', cf. Exercise 1, Part (d).
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(Details. Let € > 0 and f € L! be given. By Exercise 1(d), there exists g € span{e,}
such that ||f — g||1 < €/2. Then |(f — g,ex)| < [|f — gldm < €/2. Since (33) is valid
for g, there exists ng € N such that |(g,er)| < €/2 for |k| > ng. Hence for |k| > nog,

(frer)l S |(F =g ex)l + [(g,ex)| <,

which shows that (33) is valid for all f € L'.)

(b) Consider Z with the discrete topology (this is a locally compact Hausdorff space!),
and let ¢ := Co(Z); cf. Definition 3.23. Consider the map

F:fel' = {(f e} € co.

(Cf. Part (a).) Then F € B(L',cq) is one-to-one. Hint: if (f,ex) = 0 for all k € Z,
then (f,g9) = 0 for all g € span{ex}, hence for all ¢ € Cr by Exercise 1(d), hence
for g = Ig for any measurable subset E of [—m, 7]; Cf. Exercise 9, Chapter 3, and
Proposition 1.22.

Solution.

Suppose f € L1 is such that (f,ex) = 0 for all k € Z. By linearity, (f,h) = 0 for all
h € span{er}. If g € Cr, we have for any h € span{ex}

((F,9) = 1(f,9 =R < [[£ll1llg = Al[u — 0

as h — g in Cr (cf. Exercise 1(d)). Hence (f,g) = 0 for all g € Cr.

Let E be any (Lebesgue) measurable subset of [—m, 7]. By Exercise 9, Chapter 3,
there exist g, € Cr such that g, — Ig almost everywhere and |g,| < 1. Then
fgn — flg ae. and |fg,| < |f| € L'. By the Dominated Convergence theorem,
fE fdm =lim, f fgndm = 0. By Proposition 1.22, it follows that f = 0 a.e.

(c) Prove that the range of F' is of Baire’s first category in the Banach space ¢y (in
particular, F' is not onto). Hint: if the range of F' is of Baire’s second category in cg,
F~! (with domain equal to the range of F') is continuous, by Theorem 6.9. Therefore
there exists ¢ > 0 such that ||Ff||. > c||f||1 for all f € L'. Get a contradiction by
choosing f = s,; cf. Exercise 6(b).

Solution.

Suppose the range of F'is of Baire’s second category in ¢y. By the Open Mapping
theorem (Theorem 6.9), the continuous linear map F' is open, and it is one-to-one by
Part (b). It follows that the inverse map F~! : range (F) — L' is continuous (and
obviously # 0). Let ¢ := ||[F~!||~'. Then for all f € L*

1Efllu > ellF~HES)] = cllf I (34)



106

Take f = sy in (34). Since (sn,ex) = > ;1<, dj& = 0 for [k] > n and = 2 for [k] < n,
||[Fsn||lu = 2, and (34) implies that ||s,||1 < 2/c for all n, contradicting the fact that
||sn|l1 = oo (cf. Exercise 6(b)).

Miscellaneous

8. Let {a,} and {b,} be two orthonormal sequences in the Hilbert space X such that

> bn — an|* < 1. (35)

n

Prove that {a,} is a Hilbert basis for X iff this is true for {b,}.
Solution.

By the symmetry of Condition (35) with respect to the given orthonormal sequences,
it suffices to prove that if {a,} is a Hilbert basis, the same is true of {b,}. By Theorem
8.10(1) (and Terminology 8.11), it suffices to prove that {b,}+ = {0}.

Suppose 0 # x € {b,}*. Since {a,} is a Hilbert basis, we have by Bessel’s identity,
Schwarz’ inequality, and Condition (35) (cf. Theorem 8.10(7) and Terminology 8.11)

o]l =D I(2,an)l> = Y |2, an — ba)

n

< (O llan = ba|P)l2]® < |||,
n
contradiction!

9. Let {ax} be a Hilbert basis for the Hilbert space X. Define T' € B(X) by Taj =
ar+1, k € N. Prove:

(a) T is isometric.
(b) T™ — 0 in the weak operator topology.
Solution.

(a) For any z € X, we have z = > (z, ar)a (cf. Theorem 8.10(5) and Terminology
8.11), where the series converges (unconditionally) in X. Since T' € B(X), it follows

that
Tz = Z(w,ak)Tak = Z(w,ak)ak+1.
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Hence, by Theorem 8.2(b) and Bessel’s identity (cf.Theorem 8.10(7) and Terminology
8.11)

1T2|? = 3 I, a)* = |||

(b) Since T™ay, = ag4n, the preceding argument shows that

Tz = Z(m, ak)Aktn,

k

and therefore, by continuity of the inner product,

(T"2,y) = Y (@, a8)(@riny) (2,9 € X).
k

By Schwarz’ inequality in /2 and Bessel’s identity for the Hilbert basis {a}, for all

z,y € X,
I(T"w,y)|<(2 (z, ax)[*)*/? Zlak+n,y L/2

=[]l Y I(y,a5)[*)!/* = 0
i>n

as n — oo, since Y, |(y,a;)|? (= ||y||?) converges. This proves that 7" — 0 in the

weak operator topology. (However T™ does not converge to 0 in the s.o.t., because for

any z # 0, lim,, ||T"z|| = lim,, ||z|| = ||z|| # 0, by Part (a).)

10. If {a, } is an orthonormal (infinite) sequence in an inner product space, then a,, — 0
weakly (however {a,} has no strongly convergent subsequence, because ||a, — a||*> =
2; this shows in particular that the closed unit ball of an infinite dimensional Hilbert
space is not stongly compact.)

(Details. By Bessel’s inequality (Lemma 8.3), 3" |(an, z)|* < ||z||* < oo for all z in the
i.p.s. X. In particular, (an,z) — 0 for all z, that is, a, — 0 weakly. Since a,, L (—am,)
for n # m, we have (cf. Lemma 8.1) ||a,, — aml||? = ||an||® + |lam]|? = 2.)

11. Let {z4} be a net in the inner product space X. Then z, — = € X strongly iff
zo — = weakly and ||z,|| = ||z

Solution.
The “ only if” statement follows from the continuity of the inner product and the
norm on X. The "if” statement is a consequence of the identity (7) following Definition

1.34:

lea —2|* = [leal[* — 2R(xa, z) + [[2]|* = ||z]]* — 2R(z, 2) + ||=]|* =
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12. Let A be an orthonormal basis for the Hilbert space X. Prove:

(a) If f: A — X is any map such that (f(a),a) = 0 for all a € A, then it does not
necessarily follow that f = 0 (the zero map on A).

(b) If T : X — X is linear and (Tz,z) = 0 for all z € X, then T = 0 (the zero

operator).
(c) If S,T: X — X are linear and (Sz,z) = (Tz,z) for all z € X, then S =T.
Solution.

(a) Suppose there are at least two distinct elements aj,as € A. Let f be defined
by f(a1) = ag; f(az) = a1; and f(a) = 0 for all @ € A, a # ag, k = 1,2. Then

(f(a1),a1) = (a2,a1) = 0; (f(az),as) = (a1,a2) = 0; and (f(a),a) = (0,a) = 0 for all
a+# ak, k=1,2. Thus (f(a),a) =0 for all a € A, but f is not the zero map (because

[f(a1)]] = [laz]| = 1).
(b) For all z,y € X, we have

0=(T(z+y),z+y) = (Tz,z)+ (T,y) + (Ty,z) + (Ty,y) = (Tz,y) + (Ty,x). (36)
Replacing y by iy in (36), we obtain 0 = —i(T'z, y)+i(Ty, z), that is (T'y,z) = (Tz,y),
and we conclude from (36) that (Tz,y) = 0 for all z,y € X. Taking in particular
y =Tz, we get ||Tz||? = 0 for all z, that is, 7' = 0.
(c) follows by applying Part (b) to the map S — 7.

13. Let X be a Hilbert space, and let N be the set of normal operators in B(X).
Prove that the adjoint operation 7' — T* is continuous on A in the s.o.t.

Solution.

Note that ' € N iff ||T*z|| = ||Tz|| for all z € X (indeed, this identity is equivalent
to the identity (T™z,T*z) = (T'z,Tz), that is, to (IT*z,z) = (I"*Tz,z); cf. Exercise

12(c)).
If S,T € N, then for all z € X,

177z = §"2|* = |T"x|* - 2R(T"z, $*x) + ||S"z||* = [|Tz||* - 2R(S(T"x), z) + || Sz[*.
When S — T in the s.o.t., the third summand converges to |[Tz||> and S(T*z) —

T(T*z) = T*Tz, so that the second summand above converges to —2%(Tz,Tz) =
—2||Tz||?, and consequently ||(T* — S*)z|| — O for all z, i.e., S* — T* in the s.o.t.
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14. Let X be a Hilbert space, and T' € B(X). Denote by P(T) and Q(T) the

orthogonal projections onto the closed subspaces kerl” and T X, respectively. Prove:

(a) The complementary orthogonal projections of P(T) and Q(T') are Q(T*) and
P(T*), respectively.

Solution.

By continuity of the inner product, = € (T X)L iff (z,Ty) = 0 for all y € X. This
is in turn equivalent to the identity (7*z,y) = 0 for all y, that is, to 7"z = 0. Hence

(TX)1t = kerT™. (37)
By the Orthogonal Decomposition theorem (Theorem 1.36) and (37),
X =TX @ kerT*. (38)

By (38), the complementary orthogonal projection of Q(T') is P(T*). Applying this to
T* instead of T', we conclude that the complementary orthogonal projection of P(T)
(= P(T™*) by Exercise 13(a), Chapter 6) is Q(T™).

(b) P(IT*T) = P(T) and Q(T™T) = Q(T™).
Solution.

If z € ker(T*T) then ||Tz||? = (Tz,Tz) = (T*Tz,z) = 0, i.e., z € kerT, and triv-
ially kerT' C ker(T™*T). Hence ker(T™*T) = kerT, that is, P(I*T) = P(T). Then,
by Part (a), Q(T™*T) has the complementary orthogonal projection P((T*T)*) =
P(T*T) = P(T) (cf. Exercise 13(a,b), Chapter 6), and the latter is also the com-
plementary orthogonal projection of Q(7T*). Hence Q(T™*T) = Q(T™).

15. For any (non-empty) set A, denote by B(A) the B*- algebra of all bounded complex
functions on A with pointwise operations, the involution f — f (complex conjugation),
and the supremum norm ||f||, = supy4 |f].

Let A be an orthonormal basis of the Hilbert space X. For each f € B(A) and
x e X, let

Tix = Z f(a)(z,a)a. (39)

aEA

Prove:
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(a) The map f — T¥ is an isometric *-isomorphism of the B*- algebra B(A) into B(X).
(In particular, T is a normal operator.)

(b) T is selfadjoint (positive, unitary) iff f is real-valued (f > 0, |f| = 1, respectively).
Solution.

(a) The series in (39) converges (unconditionally) in X for each z € X and f € B(A),
because (cf. Theorems 8.2(a) and 8.10 (7))

S (@)@ o) < 1712 3 (@) = 1712l P < oo. (10)
acA a€A
Thus Tyz is well-defined for each z € X and f € B(A). The linearity of T¢ on X
is now trivial, and by (40) and Theorem 8.2(b), ||T%|| < ||f||l.. Hence Ty € B(X).
Since Tra = f(a)a for each a € A, we have ||T¢|| > |[Tfa|| = |f(a)| for all a € A, i.e.,
| T¢|| > ||f]|w, and we conclude that ||T¢|| = || f||« for each f € B(A). The map f — T
is trivially linear; it is therefore a linear isometry of B(A) into B(X). For each a € A
and f,g € B(A), Trga = (fg)(a)a = f(a)g(a)a and TtT,a = Trg(a)a = g(a)Tfa =
g(a)f(a)a. Thus Ty, = T4T, on A, and therefore, by linearity and continuity of the
operators and the density of spanA in X (cf. Theorem 8.10(3) and Terminology 8.11),
the last identity is valid on X.
Let f € B(A) and fix a € A. For all b€ A,

(b,T}ka) = (be7 a) = f(b)(ba a) = f(b)éa,b = f(a)‘sa,b

= f(a)(b,a) = (b, f(a)a) = (b, T5a),

that is, (17 —T¥)a € A+, and therefore (T} — T 7)a = 0 (cf. Theorem 8.10(1) and
Terminology 8. 11) By linearity and continuity of the operators, and the density of
spanA in X (cf. Theorem 8.10(3)), we conclude that T} = T%. Collecting, we proved
that the map f — T is an isometric *-isomorphism of the B*-algebra B(A) into B(X).

(b) By Part (a), T} is selfadjoint iff Ty = T%, and since the map f — T} is one-to-one,
this is equivalent to f = f.

T is positive iff (T¢z,z) > 0 for all z € X (cf. Theorem 7.23(iii)). In particular, if T
is positive, then for all a € A, f(a) = (f(a)a,a) = (Tfa,a) > 0. Conversely, if f >0,
then for all x € X,

(Tyz,z) = Zf ,m):Zf(a)(w Zf )|(z,a)]? > 0.

Ty is unitary iff TfT? = I, that is, iff Ty2 = I. This is equivalent to T|s2a = a for all
a € A (by linearity and continuity of the operators, and density of spanA in X), i.e
to |f(a)| =1 for all a € A.
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16. Let (S, A, ) be a o-finite positive measure space. Consider L*°(u) as a B*-algebra
with pointwise multiplication and complex conjugation as involution. Let p € [1, c0).

For each f € L°(p) define

Trg=fg (g€ LP(n)).
Prove:

(a) The map f — Ty is an isometric isomorphism of L°°(u) into B(LP(u)); in case
p = 2, the map is an isometric *-isomorphism of L°°(x1) onto a commutative B*-algebra
of (normal) operators on L?(u).

Solution.

Let p € [1,00) and f € L := L>=(u). For all g € LP := LP(u), [Trg| = |f]|g] <
|| fl|oo]g| a-€., hence
I Ts9llp < [[flloollgllp,

that is, ||T%|| < ||f||co- Suppose ||T¢|| < ||f||so- Pick ¢ such that ||T%|| < ¢ < || f||c-
Then p([|f] > ¢]) > 0. Since the measure space is o-finite, there exist X € A
such that u(Xk) < oo and X = J, Xi. Let Ex = [|f| > ] N Xk, & = 1,2,---.
Since ), u(Er) = p([|f| > ¢]) > 0, there exists k£ (which we fix from now on) such
that p(FEr) > 0 (and of course p(FEg) < o). Let ¢ = Ig,. Then g € LP (with
lollp = (E)"/7) and

1 T¢ () ® = | T¢ | glle > | T#gll,

= ([E |flpdu)1/p > cu(Ex)MP.

Since p(FE%) > 0, we get the contradiction ||T¢|| > ¢. Hence ||T%|| = || f]|oo-

The map f € L> — Ty € B(LP) is clearly linear and multiplicative. Since it is norm-
preserving, we conclude that it is an isometric isomorphism of L*° into B(LP).

In case p = 2, we have for all g,h € L?

(Ty.m) = (Fa.h) = [ (fo)lidu= / o Thdu

Hence (T§)* = T5. We conclude that the map f — T is an isometric *-isomorphism of

the B*-algebra L> into B(L?); its range is necessarily a commutative B*-subalgebra
of B(L?) (and consists necessarily of normal operators).
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(b) (Case p = 2.) T is selfadjoint (positive, unitary) iff f is real-valued (f > 0, |f| =1,
respectively) almost everywhere.

Solution.

Since the map f — T is a *-isomorphism of L*° (with complex conjugation as its

involution) into B(L?), T} is selfadjoint iff f = f (as elements of L*°, that is, iff f is
real almost everywhere. Similarly, the normal operator T is unitary (i.e., TsTr =1 )
iff [f|?=1 a.e.

By Theorem 7.23(iii), T is positive iff (Tg,g) > 0 for all g € L?, that is, iff [ f|g|*dp >
0 for all g € L2. By the averages lemma (Lemma 1.38), this is equivalent to f|g|> > 0
a.e. for all g € L?2. With notation as in Part (a), take g = Ix, (k = 1,2,---) to
conclude that the last inequality is equivalent to f > 0 a.e.

17. Let X be a Hilbert space. Show that multiplication in B(X) is not (jointly)
continuous in the w.o.t., even on the norm-closed unit ball B(X); of B(X) in the
relative w.o.t.; however it is continuous on B(X); in the relative s.o.t.

Solution.

Let X, {ar}, and T be as in Exercise 9. Then, forany x € X, T"z = Y, (z, ar)aksn.
By Exercise 9(b), 7™ — 0 in the w.o.t. Set a = 0 for k£ < 0, and define S € B(X) by
Sap = ap_1 for k € N. Then for all x € X and n € N,

S = Z(m,ak)ak_n. (41)

kE>n
Hence for all z (cf. Theorem 8.2(b))
ISl =) |(x, ax)l® = 0 (42)
kE>n

as n — oo, since Y, |(z,ax)|? converges (to ||z||?, by Bessel’s identity). Thus S™ — 0
in the s.o.t. (hence in the w.o.t.). However S"T"aj, = ay, for all k € N, hence S™T™ = I
do not converge to 0 in the w.o.t. This example shows that multiplication in B(X)
is not continuous in general with respect to the weak operator topology. This is so
even on B(X)i, in the relative w.o.t. Indeed, since 7" is an isometry by Exercise 9(a),
|7"|| = 1 for all n € N. Also by (42) and Bessel’s inequality, ||S™z|| < ||z|| for all «,
hence ||S™|| < 1. Thus the sequences {S™} and {T™} are in B(X);, both converge to
0 in the w.o.t., but {S™T"} does not.

However, with respect to the relative s.o.t., multiplication is continuous on B(X); for
any Banach space X. Indeed, if {7} and {S,} are nets in B(X); converging to T’
and S respectively in the s.o.t., then for all z € X

1SaTa = STI| < [|1Sall [|[(Ta = T)a[[ + [|(Sa — S)(T2)|| = 0,
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since ||Sq|| < 1.

18. (Notation as in Exercise 17.) Prove that B(X); is compact in the w.o.t. but not
in the s.o.t.

Solution.

The compactness of B(X); in the w.o.t. is proved in the same manner as Alaoglu’s
theorem (Theorem 5.24). For each [z,y] € X x X, let

Alz,yl = {X € C |X <||z|| |y},

and

A= [ Ay

[z,y]€EX XX

with the Cartesian product topology. By Tychonoff’s theorem, A is compact.
If T € B(X)i, then for all z,y € X, |(Tz,y)| < ||z||||yll, i-e., (Tz,y) € A(z,y). Thus
the map

B(T):[z,y € X x X = (Tz,y)

belongs to A. This shows that 3(B(X)1) C A. Let {T,} be a net in B(X); such that
B(T,) converge in the A-topology to some F' € A. This means that (Thz,y) = F(z,y)
for all [z,y] € X x X. One verifies in a routine way that F' is linear in the first
variable, conjugate- linear in the second, and |F(z,y)| < [|z||||ly|| for all z,y € X.
Therefore, for each fixed z € X, F(z,-) is a continuous conjugate- linear functional
on X. By the ”little” Riesz representation theorem (Theorem 1.37 in a conjugate-
linear version), there exists a unique vector Tz € X such that F(z,y) = (Tz,y)
for all z,y € X. The linearity of F(-,y) for all y implies the linearity of 7', and
|T|| = SUP)||2[|=||y||=1 |F(z,y)| <1, that is, T € B(X);1, and by definition, 3(T") = F.
This shows that S(B(X);) is a closed subset of A, and is therefore compact in the
A-topology. Equivalently, B(X); is compact in the w.o.t.

The following example shows that in general B(X); is not compact in the s.o.t. Let
T be as in Exercise 9. By Exercise 9(a), T is isometric, and therefore ||7"|| = 1 for all
n, i.e., {I™} C B(X);. Since T™a; = a14n, we have for all n > m

17"y = T™ a1 |[* = ||a14n — ar4ml® = [larsnl* + [Jarml|* = 2,
and therefore {7} has no subsequence converging in the s.o.t.
19. Let X,Y be Hilbert spaces, and T' € B(X,Y’). Imitate the definition of the Hilbert

adjoint of an operator in B(X) to define the (Hilbert) adjoint 7* € B(Y, X). Observe
that T*T is a positive operator in B(X). Let {a,}nen be an orthonormal basis for X
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and let Vaz = {(x,a,)}. We know that V is a Hilbert space isomorphism of X onto
2. What are V*, V~! and V*V?

Solution.

Given y € Y, the map z € X — (Tz,y) is a continuous linear functional on X. By
the ”little” Riesz representation theorem (Theorem 1.37), there exists a unique vector
in X, which we denote by T*y, such that (Tz,y) = (z,T*y) forallz € X (andy € Y).
The conjugate linearity of the left hand side of this identity with respect to y € Y and
the uniqueness of the Riesz representation imply that 7™ is linear on Y, and

T = A |(z, T"y)| = sup |(Tz,y)| = ||Tl-
oll=llull=

Thus T* € B(Y, X). It follows that 7*T € B(X) and (z,7*Tz) = (Tz,Tz) > 0 for
all z, that is, T*T is a positive operator (cf. Theorem 7.23).

Let {a,} be a Hilbert basis for the Hilbert space X. Consider the Hilbert space
isomorphism V' € B(X,[?) defined by Vz = {(z,a,)} (cf. Theorem 8.10(7)). If A,
denotes the sequence whose n-th component equals 1 and all other components vanish,
then clearly Va,, = A,.

For all z € X and A := {\,} € I?,
(z,V7A) = (Vz, M) = ({(z,an)}, {An})r

= Y anh = (3 Ma),

where the last sum converges unconditionally in X (cf. Theorem 8.2(b)). Hence
VA=) dan (A€ (43)
By (43) and Theorem 8.10(5), we have for all z € X
VVa =V*{(z,a,)} = Z(w,an)an =z. (44)
Also for all A € 12,

VVIA= V(Y Anan) =D AnVan =3 Anhn = A. (43)

Thus
V*V.=1I1x and V'V = I, (46)

the respective identity operators on X and [?. Thus V! = V*.
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20. Let {an}nen be an orthonormal basis for the Hilbert space X, and let Q € B(X)
be invertible in B(X). Let b,, = Qa,, n € N. Prove that there exist positive constants

A, B such that
AD TP <D S MblP < B el (47)

for all finite sets of scalars Ag.
Solution.

We have

1D ebil” = 11RO Awan) [P < [1QI Y 1wl

and

Do P =1 Awanl P = 11 M@ 0l = 11Q7 Y Mkl < QTP D M.
Hence (47) is valid with B = ||Q|[* and A = ||Q || 72.

21. Let X be a Hilbert space. A sequence {a,} C X is upper (lower) Bessel if there
exists a positive constant B ( A) such that

Z |(:1:, an)|2 <B ||:1:||2 (2 A ||.7:||2, respectively) (48)

for all z € X. The sequence is two-sided Bessel if it is both upper and lower Bessel
(for example, an orthonormal sequence is upper Bessel with B = 1, and is two-sided
Bessel with A = B =1 iff it is an orthonormal basis for X).

(a) Let {a,} be an upper Bessel sequence in X, and define V' as in Exercise 19. Then
V € B(X,1?) and ||[V|| < B'2. On the other hand, for any {\,} € [2, the series
> Ana, converges in X and its sum equals V*{\,}. The operator S := V*V € B(X)

is a positive operator with norm < B.
Solution.

For all z € X, we have by (48)

Vel =) |(z,a,)]” < Bllz|?,
hence ||V|| < B'/2,
Given A := {\,} € I2, we have for all z € X and all integers p > m > 1,

'4 b

|(Z Antn, z)| = | Z An(an, ) < (Y Mal)2 (D I, an) )2

n=—m n=—m
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P
< (Y 2BV, (49)
where we used Schwarz’ inequality for finite dimensional Hilbert space and (48). Taking
the supremum over all z with ||z|| = 1, we get
p p
1D Ananll < BY2(Y M) (50)

Since A € 2, it follows from (50) that the series Y A,a, converges in X. Denote its
sum by T'A. This defines an obviously linear map 7T : [2 — X. Taking m = 1 and
letting p — oo in (50), we get

ITA]| < BY2[|Al]=. (51)

Hence T' € B(I%?, X) and ||T|| < B'/2. Furthermore, for all € X and A € 2,
(z,TA) Z)\ an) = Z z,a,) A, = (Va,A)z = (z,V*A),

by definition of the adjoint V* (cf. Exercise 19). Hence V* = T. The operator
S := V*V € B(X) (with norm < ||[V*||||V]|| < B, by the preceding estimates) is
positive, since for all z € X, (Sz,z) = (Va,Vz);z > 0 (cf. Theorem 7.23(iii)).

(b) If {a,} is two-sided Bessel, S — AI is positive, and therefore o(S) C [A, B].
In particular, S is onto. Conclude that every x € X can be represented as z =
S (x,S 1 a,)a, (convergent in X).

Solution.

Dy definition,

Sz = Z(m, an)an (z € X), (52)

where the series converges in X. Therefore, if {a,} is two-sided Bessel, then for all
reX
(S —Alz,z) Z| T,an)| A||:1:||2 >0,

that is, S — Al is positive. Equivalently, o(S) — A C [0,00), i.e., 0(S) C [4,00). But
o(S) C [-B, B] since ||S|| < B. Therefore o(S) C [A, B]. In particular 0 € p(S).

Hence, by (52), we have the following series representation (converging in X)

= S(S7'z) = Z(S_lm,an)an = Z(m, S™ay)an, (z € X)

since S := V*V (and therefore S~1!) is selfadjoint.



