CHAPTER 7

BANACH ALGEBRAS

1. A general Banach algebra A is not required to possess an identity. Consider then
the cartesian product Banach space A. := A x C with the norm ||[z, A]|| = ||z|| + |A|
and the multiplication

[z, A] [y, 1] = [zy + Ay + pz, Au].

Prove that A, is a unital Banach algebra with the identity e := [0, 1], commutative if
A is commutative, and the map z € A — [z,0] € A, is an isometric isomorphism of
A onto a maximal two-sided ideal (identified with A) in A.. (With this identification,
we have Ac = A+ Ce.)

If ¢ is a homomorphism of the commutative Banach algebra A into C, it ex-
tends uniquely to a homomorphism (also denoted by ¢) of A, into C by the identity
#([z,A]) = ¢(z) + A. Conclude that ||¢|| < 1.

(The solution consists of routine verifications. The last statement follows from from
the observation at the top of page 179, and the trivial fact that the norm of the extended
functional is > ||9||.)

2. The requirement ||zy|| < ||z|| ||y|| in the definition of a Banach algebra implies the
joint continuity of multiplication. Prove:

(a) If A is a Banach space and also an algebra for which multiplication is separately
continuous, then multiplication is jointly continuous. Hint: consider the bounded
operators L, : y — zy and R, : * — zy on A and use the Uniform Boundedness
theorem.

Solution. For each z € A, L, € B(A) by hypothesis. For each y € A,

sup ||Layl| = sup [[Ryz||:= [[Ry]| < oo,
lall=1 llal=1

since R, € B(A) by hypothesis. By the Uniform Boundedness theorem (cf. Corollary
6.5),

sup ||Lz|| == M < 0.
llz|[=1



Llz
For any 0 # x € A, we then have for all y € A

zyll = [|2[| 1Lyl < 2l La =yl 1yll < M [[z][|y]]- (*)

Hence ||zy|| < M ||z||||y|| for all z,y € A, which implies joint continuity of the
multiplication (cf. observation preceding Definition 7.2).

(b) (Notation as in Part (a); A has an identity e.) The norm |z| := ||L;|| (where
the norm on the right is the B(.A)-norm) is equivalent to the given norm on A, and
satisfies the requirements |zy| < |z||y| and |e| = 1.

Solution.

By (*) we have for all z € A

|z[ = |[La|| = sup ||lzy|| < M [|z]].

llyll=1
On the other hand, ||z|| = ||ze|| = ||L.e|| < ||Lz|||le]| = N |z|, where N := |[e]|.
This proves the equivalence of the norms. The norm |- | satisfies |e| = ||L.|| =

sup||y =1 |leyl| = 1 and
2y| = [|Layl| = [|[LaLyl| < ||Lal[ || Lyl] = |2] 4]
for all z,y € A.
3. Let A be a unital complex Banach algebra. If F C A consists of commuting
elements, denote by Cr the maximal commutative Banach subalgebra of A containing
F'. Prove:
(a) ocp(a) = o(a) for all a € Cp.
Solution.

The maximality assumption on Cp implies that if b € A commutes with every
element of Cp, then b € Cp. In particular, e € Cp. Since Cr is a (unital) Banach
subalgebra of A, the inclusion pc.(a) C p(a) is trivial for any a € Cp. On the other
hand, if A € p(a), since Ae — a commutes with every element of Cr, the same is true
of its inverse in A, and therefore this inverse belongs to Cp, i.e., A € pcp(a).

(b) If a,b € A commute, then

g(a+b) Co(a)+0(b) and o(ab) C o(a)o(b).



Conclude that
r(a + b) < r(a) + r(b) and r(ab) < r(a) r(b).

Solution.

Let F' = {a,b} and B := Cp. Let ® be the set of all homomorphisms of B onto C.
By Part (a) and Section 7.2 (1),

o(a+b) = on(a+b) = {$latb); € 2}

= {¢(a) + ¢(b); ¢ € ©} C {d(a); ¢ € 2} + {o(b); ¢ € ®}
= ag(a) + ag(b) = a(a) + a(b).

The corresponding relation for ab is proved in the same manner.

We then have
rla+b) = sup [N < sup |}

AEa(a+b)  Aeo(a)+o(b)
= sup la+ 6| < sup |a|+ sup |B| =r(a)+r(b).
a€o(a); BEa(b) agola)  Beo(d)

The corresponding inequality for the product is proved in the same manner.

(c) For all a € A and X € p(a),

1

r(R(X;a)) = A0 o(a))

Solution.

Given a € A, let B = Cy,y and let & be the set of homomorphisms of B onto
C. As observed in Part (a), R(A;a) € B for any A € p(a), and clearly ¢(R();a)) =
[\ — #(a)]~!. Thus (by Part (a))

o(R(X;a)) = o8(R(X;a)) = {#(R(}; a)); ¢ € B}
={x—¢(a)]7; ¢ € 2},

and o(a) = og(a) = {#(a); ¢ € ®}. Hence

(RO @) = sup |\ = 6(a)| ™ = | fnf ]\ = 9()

[ inf |\ |]_1 !
=| In — = -
peol) 1 d(, o(a))
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4. Let A be a commutative (unital) Banach algebra (over C). A set E C A generates
A if the minimal closed subalgebra of A containing F and the identity e coincides with
A. In that case, prove that the maximal ideal space of A is homeomorphic to a closed
subset of the cartesian product HaEE o(a).

Solution.

Let Ao denote the set of all elements of A of the form p(a1,--- ,an), where p is a
polynomial in n variables (n > 1) and ax € E. Since E generates A, Ag is a dense
subalgebra of A. Let ® be the set of all homomorphisms of A onto C, with the Gelfand
topology. If ¢1, ¢o € ® coincide on FE, then for each polynomial p in n variables and
ar € E, k=1,---,n,

p1(p(ar, -+ ,an)) = p(di(ar), -, d1(an)) = p(¢2(a1), -, p2(axn))

= ¢2(p(a1, -+, an)),

that is, ¢1 = ¢9 on Ag, hence ¢ = ¢o by continuity of ¢; and ¢s, and the density of
Ap in A. This shows that the map 7 : ¢ € & — ®|g is a one-to-one map of ® into

[T{¢(a); 6 €@} =[] o(a)

a€FE a€EFE

(Cf. Section 7.2(1)). By definition of the Gelfand topology on ® and the cartesian
product topology, the map 7 is a continuous map of the compact space ® into a
Hausdorff space; its range is necessarily closed, and since 7 is one to one, it is a
homeomorphism of ® onto its range (=a closed subset of [, 5 o(a)).

5. Let A be a unital (complex) Banach algebra, and let G be the group of regular
elements of A. Suppose {a,} C G has the following properties:

(i) an — @ and a,a = aa, for all n;
(ii) the sequence {r(a,')} is bounded.

Prove that a € G. Hint: observe that r(e — a;'a) < r(a;!)r(a, —a) — 0, hence
1—o(a,'a) = o(e—a,'a) C B(0,1/2) for n large enough, and therefore 0 ¢ o(a,,'a).

Solution.

Let M be such that r(a;!) < M for all n (cf. (ii)). Then by Exercise 3(b) (cf. also
(9), after Definition 7.5)

“ta) =r(a; (an — a)) < r(a;')r(an —a) < M ||a, —a|| = 0



as n — 0o. Fix then n such that r(e — a;'a) < 1/2. We have

1—-o(a,'a) =o(e—a, a) C B(0,1/2),

n

that is
o(a;ta) C 1+ B(0,1/2) = B(1,1/2).

Hence 0 € p(a,;'a), i.e., a;'a € G, and therefore a = a,(a;'a) € G.

n

6. Let A be a unital (complex) Banach algebra, a € A, and A € p(a). Prove that
A € p(b) for all b € A for which the series s(A) := > [(b— a)R(A;a)]”™ converges in A,
and for such b, R(A;b) = R(X;a) s(N).

Solution.

Let A € p(a) be such that the series s(\) converges in .A. By continuity of multipli-
cation in A, we then have

[(b—a)R(A;a)]s(A) = s(A) [(b— a)R(A; a)]

= Z[(b —a)R(X;a)]"t = 5(A) —e.

n=0

Equivalently,
e — (b— Q)R(\ a)]s(A) = s(\)[e — (b — a)R(X; )] = . (1)

Since aR(X;a) = AR(A;a) — e, the expression in square brackets in (1) is equal to

(Ae — b)R(X;a). Hence by (1)
(Ae = b)R(A;a)s(A) = e, (2)

and

s(A)(Ae —b)R(X;a) =e. (3)
If we multiply (3) on the left by R();a) and on the right by Ae — a, we obtain

R(X;a)s(A)(Ae — b) =e. (4)
By (2) and (4), A € p(b) and
R(X;0) = R(A;a)s(N). (5)

7. Let A and a be as in Exercise 6, and let V be an open set in C such that o(a) C V.
Prove that there exists § > 0 such that o(b) C V for all b in the ball B(a,d). Hint: if
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M is a bound for R(-;a) on the complement of V' in the Riemann sphere, take § = 1/M
and apply Exercise 6.

Solution.

Let V be as in the statement of the exercise. Then R(-;a) is continuous on the
complement V¢ of V in the Riemann sphere C. Since V¢ is closed, hence compact in
C, ||R(+;a)|| is bounded (say by M > 0) on V. Let § = 1/M. If b € B(a, ), we have
[|(b—a)R(A;a)|| < 6 M =1 for all A € V¢, and therefore the series s(A) converges
absolutely, hence converges in the Banach algebra A (cf. Exercise 6) for all A € V°.
By Exercise 6, it follows that V¢ C p(b), that is o(b) C V (whenever b € B(a,?)).

8. Let ¢ be a non-zero linear functional on the Banach algebra A. Trivially, if ¢ is
multiplicative, then ¢(e) =1 and ¢ # 0 on G(A). The following steps provide a proof
of the converse. Suppose ¢(e) =1 and ¢ # 0 on G(A). Denote N = ker(¢) (note that
NN G(A) =0). Prove:

(a) d(e, N) = 1. Hint: if ||e — z|| < 1, then z € G(A), hence = ¢ N.
Solution.

Since 0 € N, d(e,N) < d(e,0) = |le|| = 1. If we had d(e, N) < 1, there would be
an element © € N for which d(e,z) < 1. By Remark 7.4, this implies that z € G(A),
contradicting the fact that N N G(A) = 0.

(b) ¢ € A* and has norm 1. Hint: ifa ¢ N, a; :=e—¢(a)"'a € N, hence d(e,a;) > 1
by Part (a).

Solution. Since ¢ # 0, N # A. Fix then a ¢ N, and let a; = e — ¢(a)"ta (it is
well-defined, because ¢(a) # 0). By linearity of ¢ and the assumption ¢(e) = 1, we
have ¢(a1) = 0, that is, a; € N, hence d(e,a;1) > d(e, N) =1 by Part (a). Therefore

1< [le—arl =1Ié(a) " al| = |g(a)| 7 |lall,

ie., |¢(a)] < ||a|| for all a ¢ N (and trivially for a € N). This shows that ||¢|| <1
(hence ¢ € A*). But since |le|| =1, ||¢|| > |¢(e)| = 1; therefore ||@|| = 1.

(c) Fix a € N with norm 1, and let f(A) := ¢(exp(Aa)) (where the exponential is
defined by means of the usual power series, converging absolutely in A for all A € C).

Then f is an entire function with no zeros such that f(0) =1, f/(0) =0, and |f(A)| <
Al
el

Solution.
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For any a € A, the series > A"a™/n! defining e converges absolutely (it is ma-
jorized by the convergent series Y |A|?||a||”/n! = el*llall) hence converges in the
Banach algebra A, and ||e*®|| < el el Fix a unit vector a € N, and define

FQA) = 9(e*) = D ((a™)/nt)A" (6)

(where the fact ¢ € A* was used; cf. Part (b)). The series for f converges absolutely for
all A € C; hence f is entire, f(0) = ¢(e) = 1 (by hypothesis), f'(0) = ¢(a) = 0 (since
a € N),and [f(N)| < ||9]] ||e’\“|| < el (by Part (b) and the hypothesis ||a|| = 1). Since
er ¢ G(A) (its inverse is e_M!), it follows from the hypothesis on ¢ that e*® ¢ N,
hence f()\) := ¢(e*?) # 0 for all X € C.

(d) (This is a result about entire functions.) If f has the properties listed in Part (c),
then f = 1 identically. Sketch of proof. since f has no zeros, it can be represented
as f = e9 with g entire; necessarily g(0) = ¢’(0) = 0, so that g(A\) = A2h(\) with h
entire, and Rg(A) < |A|. For any r > 0, verify that |2r — g| > |g| in the disc [A| < r

and |2r — g| > 0 in the disc |A| < 2r. Therefore F(X) := 2:2_}1;3)
and |F| < 1 on the circle |A| = r, hence in the disc |A| < r by the maximum modulus

principle. Thus

is analytic in |A| < 2r,

||
2—g/r]
Given A, let r — oo to conclude that h = 0.

<t/r (Al<r).

(Added details: for |\| <7, Rg < |A| < r, hence |2r — g|> = 4r2 —4rRg + |g]? > |g|?. If
9(Xo) = 2r, then 2r = Rg(Xg) < |Ao|, hence g(A) # 2r (i.e., |2r — g| > 0) for |A| < 2r.
Therefore F' (defined above) is analytic in |A| < 2r. For [A| =7,

PV = %Sl,

hence |F| <1 for |A| < r, by the maximum modulus principle.)

(e) If a € N, then a® € N. Hint: apply Parts (c) and (d) and look at the coefficient of
A2 in the series for f.

(Added details: let a be a unit vector in N, and define f as in Part (c). By Parts (c)
and (d), f is identically equal to 1. By the power series representation (6) of f, this
implies that the coefficient ¢(a?)/2 of A? vanishes,i.e., a> € N. For a € N arbitrary
(# 0, w.lo.g.), a/(||a|]) is a unit vector in N, hence a?/(||a||?) = [a/(||a|])]* € N(by
the preceding special case), and therefore a? € N.)

(f) ¢(z?) = ¢(z)? for all z € A. (Represent z = x; + ¢(z)e with z; € N and apply
Part (e).) In particular, z € N iff 22 € N.
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(Added details: For any x € A, z1 := z—¢(x)e € N by linearity of ¢ and the hypothesis
#(e) = 1. Hence z2 € N by Part (e), and therefore (since ¢(z%) = 0 = ¢(z1)?)

$(2?) = p([z1 + ¢(x)e]®) = $(aT + 2¢(z)z1 + p(z)”)

= B(x1)? + 2¢(2)p(z1) + B(x)? = [$(21) + ¢(z)]?
= [¢(z1 + p(z)e)]” = ¢(z)?.)

(g) If either = or y belong to N, then (i) zy + yz € N, (ii) (zy)? + (yz)? € N, and
(i) zy — yz € N. (For (i), apply Part (f) to = + y; for (ii), apply (i) to yzy instead
of y, when z € N; for (iii), write (zy — yz)? = 2[(zy)? + (yz)?] — (zy + yz)? and use
Part (f).) Conclude that N is a two-sided ideal in A and ¢ is multiplicative (use the
representation ¢ = z1 + ¢(z)e with z; € N).

Solution.

By symmetry, we may assume = € N.

(i) By Part (e), ¢(z) = ¢(z?) = 0. Hence by Part (f)
$lzy + yr) = ¢(2® + 2y + yz +y*) — d(y?) = ¢([z + y]*) — #(y)”

= [p(z + v)* — ¢(y)* = 6(y)* — $(v)* =

(ii) Replacing y by yzy in (i), we get (zy)? + (yz)* € N.

(iii) By Parts (g)(i) and (e), (zy + yz)? € N, i.e., (zy)? + (y2)? + [zy’z + yz?y] € N,
and therefore by (ii) zy?z + yz?y € N. Consequently (zy — yz)? = (zy)? + (yz)? —
[zy?z + yz2y] € N by (ii), hence zy — yx € N by Part (f).

By (i) and (iii), if z € N, then zy = (1/2)[(zy + yz) + (xry — yz)] € N and yz =
(1/2)[(zy + yz) — (zy —yzx)] € N for all y € A, i.e., N is a two-sided ideal in A.

For any z,y € A, represent z = 1 + ¢(x)e with 1 € N as in Part (f); then 1y € N,
and consequently

¢zy) = dz1y + d(2)y) = ¢(2)(y).
9. Let A be a (unital complex) Banach algebra. For a,b € A, denote C(a,b) = L,— Ry

(cf. Section 7.1), and consider the series

o0

Z DY R(X;a)?C(a, b) e];

j=0
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for A € p(a). Prove that if b,(A) (br())) converges in A for some A € p(a), then its
sum is a left inverse (right inverse, respectively) for Ae — b. In particular, if A € p(a)

is such that both series converge in A, then X € p(b) and R(X;b) = br(A) = br(}).
Solution.

Suppose the series br(A) converges in A for some A € p(a). Since aR(X;a) =
AR(X;a) — e and C(a,b) commutes with Lp(y;q), we have

br(A)b = Rybr(\) = [La — C(a, b)]br(N)

= io:(—l)jaR()\;a)j‘H i 1) R(X;a)? T [C(a,b)e]

=0 7=0

— b () —e.
Hence br,(A)(Ae — b) =

A similar calculation, starting with
bbr(A) = Lybr(A) = [Ra + C(b,a)]br(}),

shows that br()) is a right inverse of Ae —b whenever the series bg(A) converges in A.
In particular, if A is such that both series bz (A) and bg(A) converge in A, the left and
right inverses bz,(A) and br(\) of Ae — b coincide, and are the inverse of Ae — b, that

is, A € p(b) and R(A;b) = br(A) = br(A).
10. (Notation as in Exercise 9.) Set

r(a,b) = limsup ||C(a, b)"e||*/™,

and consider the compact subsets of C
or(a,b) ={X € C; d(\,o(a)) <r(a,b)};
onla,b) = (A € C d(\o(a)) < r(b,a)};

o(a,b) = or(a,b) Uog(a,b).

Prove that the series br,(A) (br(A)) converge absolutely and uniformly on compact sub-
sets of or(a,b)° (ogr(a,b)®, respectively). In particular, o(b) C o(a,b), and R(-;b) =
by, = bg on o(a,b)".
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Solution.
Note that (cf. Theorem 7.9)
. in1/g
r(a,b) < h§n ||C’(a,b)7||B/(JA) =rpa)(C(a,b)) < [|C(a,b)||Ba) < oo.

Note also that

o1(a,b)° = (X d(3, () > r(a,b)} € pla), (7
so that the series bz, (\) makes sense for A € o (a.b)°. Similarly,

or(a,b)® C p(a), (8)

and therefore br(A) makes sense for A € og(a,b)¢. By the Beurling-Gelfand spectral
radius formula (Theorem 7.9) and Exercise 3(c), for all A € o1(a, b)c,

lim sup || R(A; a)j"'l[C(a, b)je]Hl/j < lim ||R(X; a)j||1/j lim sup ||C(a, b)je||1/j
J J J

r(a,b)
d(A,o(a))

Therefore the series by, (\) converges absolutely (hence converges in the Banach algebra

A).

=r(R(X;a))r(a,b) = <1

Let Q C or(a,b)® be compact, and denote

d= inf d(X .
jnf d(2,0(a))

Since @ is compact and d(-,0(a)) is continuous on @, there exists A\g € @ such that
d = d(X\g,0(a)) > r(a,b). Fix constants r,s such that r(a,b) < r < s < d. Let
Qs :={C € Cd((;Q) < s}. Then Qs is a compact subset of p(a), and by continuity
of the resolvent on p(a), My := SUP¢eq, R((;a)|] < oo.

We saw in the proof of Theorem 7.6 that R(\;a)’ = —R(\;a)?. A simple induction
shows that . . .
ROa)™ = ((IFRO O/t (A€ pla).

By Cauchy’s formula for the derivatives of analytic functions, we then have for all

AeEQ
VS Y : _R(Ga)
R(X;a) = (—1)7/(2m) /|g_>\|=s (€= Ayt dc.

The integrand has norm < M,/s’t1, and therefore

||R()‘;a)j+1||§MS/'sj (]:0717a)‘EQ)
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Since 7(a,b) < r, it follows from the definition of r(a, ) that there exists jo € N such
that ||C(a,b)’e|| < r? for all integers j > jo. Consequently, for all j > jo and X € Q,

IR(X;a)*H[C(a,b)e]|| < [|R(X;a) || [|Cla, b) e|| < Mi(r/s)’.

Since r/s < 1, it follows that the series by (\) converges absolutely and uniformly for

x€EQ.

A similar calculation gives the corresponding conclusion for bg(A) on og(a,b)c. If
A €o(a,b)®=o0r(a,b)°Nor(a,b)e, both series by, (A) and br(A) converge (absolutely)
in A, and it follows from Exercise 9 that A € p(b) and R(A;b) = br(A) = br(})
(in particular, o(b) C o(a,b)). Furthermore, both series converge (absolutely and)
uniformly on compact subsets of o(a,b)®.

11. (Notation as in Exercise 10.) Set
d(a,b) = max{r(a,b), r(b,a)}
(not to be confused with the usual distance function in A), so that trivially
a(a,b) = {%; d(},0(a)) < d(a,b)} (9)

and o(a,b) = o(a) iff d(a,b) = 0. In this case, it follows from Exercise 10 (and
symmetry) that o(b) = o(a) (for this reason, elements a,b such that d(a,b) = 0 are
said to be spectrally equivalent).

(Additional details: by (7) and (8), o(a) C o(a,b) is always valid. If d(a,b) = 0,
o(a,b) C o(a), since o(a) is a closed set; hence o(a,b) = o(a). On the other hand, if
A € o(a,b) but A ¢ o(a), then since o(a) is closed, d(a,b) > d(\,o(a)) > 0, that is,
o(a,b) = o(a) iff d(a,b) = 0. In this case, we have o(b) C o(a) (by Exercise 10), hence
o(b) = o(a) by summetry.)

12. Let D be a derivation on A, that is, a linear map D : A — A such that D(ab) =
(Da)b + a(Db) for all a,b € A. (Example: given s € A, the map D, := Ls — Rs is a

derivation; it is called an inner derivation.) Prove:

(a) If D is a derivation on A and Dv commutes with v for some v, then D f(v) =
f'(v)Dv for all polynomials f.

Solution.

Taking a = b = e in the derivation relation, we have D(e) = D(ee) = D(e)e +
eD(e) = 2D(e), hence D(e) = 0. We verify next that Dv® = kv*~1Dwv for all k£ > 1.
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This is trivial for £ = 1. Proceeding by induction, assume the relation for some k.
Then

D™t = (DvF)v + v*Dv = kv* =Y (Dv)v + v* Dv = (k 4 1)v* Do,

since Dv commutes with v. The claim now follows from the linearity of D.

(b) Let s € A. The element v € A is s-Volterra if Dsv = v?. (Example: in A =
B(L*(]0,1])), take S : f(t) — tf(t) and V : f(t) — f(f f(u)du, the so-called classical
Volterra operator.) Prove: (i) Dso™ = nv™tl; (ii) vt = D%/n!; (iii) C(s + av,s +
Bv)e = (—1)”n!(’6;°‘)v”, for all n € N and a,8 € C.

Solution.

(i) By Part (a), D,v™ = nv" ' Dv = no™t1.
(ii) Use induction: for n =1, (ii) is the hypothesis that v is s-Volterra. Assuming (ii)
for n — 1, we get by (i)

D™v/n! = D,[D™ 'v/(n —1)!]/n = Ds(v"™)/n = v
(iii) Use induction: for n =1, (iii) is trivial. Assuming (iii) for n, we obtain from (i)

08—«

n

C(s + av,s + fv)"Tle = (—1)"71!( )[(5 + aw)o™ —v"(s + fv)]

_ nt1 p—a ntl _ nt1 B—a\ ni1

= (-1) n!( o )(ﬂ—a—n)v = (-1) (n+1)!(n+1)v )
(c) If v € A is s-Volterra, then (i) ||v”||1/" = O(1/n). In particular, v is quasi-
nilpotent. (ii) r(s + av,s + fv) = 0if B — a € NU {0}, and = limsup(n!||v”||)1/”
otherwise. (iii) d(s+av, s+ Bv) = limsup(n!|[v"||)}/") if a # B. (iv) For a # 3, s+aw
and s + Bv are spectrally equivalent iff |[v™||'/™ = o(1/n). (v) d(s + av, s + Bv) <
diamo(s). (vi) d(S+aV, S+ BV) =1 when a # 3 (cf. Part (b) for notation). In
particular S + oV and S 4 BV are spectrally equivalent iff @ = 3 (however they all

have the same spectrum, but do not try to prove this here!) Note that if § —a € N,
then r(S + aV, S+ V) = 0 while r(S 4+ gV, S+ aV) = 1.

Solution.

(i) We verify by induction that

(2lls)""

™l <
o711 < 1l

(n € N). (10)
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This is trivial for n = 1. Assuming (10) for n, we get from Part (b),(i)
o] = (1/n)l[sv™ — v™s]| < (2/n)l[s]] ||[o"]]

(2[]s[)"" (2 || ||)”
< @/m)lsl vl —=57 (n—1)! = [[vl|

By (10)’ 1 1 1-1 1 1
o™ 177 < ol /7 s /7ty (1)

By Stirling’s formula (cf. page 323), (n!)_l/” is asymptotic to e/n, and therefore (11)
implies (i), since the other factor on the right hand side of (11) has limit equal to
2|[s]l.

(ii) By definition (cf. Exercise 10) and Exercise 12 (b) (iii),
— 1/n
r(s + av, s + fv) = limsup ‘ (ﬂ a) ‘ (n!||v"||)1/”. (12)
n n

If 3 —a € NU {0}, the n-th binomial coefficient for § — a is equal to (8 —a)--- (8 —
a—n+1)/nl=0foraln>p3—a+1,and (12) implies that r(s + av, s + v) = 0.
In case B — a ¢ N U {0}, the binomial series > (ﬂ;a) 2™ has radius of convergence

R = 1 (cf. ratio test!). Hence by the Cauchy-Hadamard formula, 1 = 1/R =

1/n
, and (ii) follows then from (12).

lim sup ‘ (B ~9)
(iii) This follows trivially from the definition of d(a,b) in Exercise 11 and (ii).
(iv) By Stirling’s formula and (iii),

lim sup(|[v™[|*/™)/(1/n) = lim sup e(n!||v"||)}/" = ed(s + av, s + (v),
which implies (iv).

(v) If a = 3, this is trivial (since d = 0 in that case). For o # 3, we have by (iii) and
Part (b) (ii)

d(s + av, s + fv) = lim sup(n!||v”||)1/” = lim sup(n!||v”+1||)1/(”+1)
= limsup || Do|[Y/+) < Timsup || D2 |G = 75 (Ds), (13)

where we used the fact that ||v|[}/("+1) — 1, and the Beurling-Gelfand formula for the
spectral radius of D, € B(A).
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Since Dy := Ly — Rs and Ls commutes with R;, it follows from Exercise 3 (b) that
(for spectra in the Banach algebra B(.A))

o(Ds) C o(Ls) — o(Rs). (14)

If X € p(s), Lxe—s and Lp(y;s) commute, and their product is L. = I (the identity
operator in B(A)), i.e., A is in the resolvent set of Ls (relative to B(.A)). Thus
opa)(Ls) C a(s). A similar inclusion is valid for 0 p(4)(Rs). Hence by (14),

o(Ds) Co(s)—o(s). (15)
By (13) and (15) , for o # 3,

d(s + av, s+ Bv) < sup{|A — p|; \,n € o(s)} = diamo(s).

(vi) We verify by induction (and Fubini’s theorem) that

V() = [1/(n—1)] /O<t—u>”-1f<u>du (ferr(01]). (1)

If k,(t) = t"1/(n—1)! on [0, 1] and we extend all functions to R as zero outside [0, 1],
then (16) means that V"™ f = k,, * f. Hence (cf. Exercise 5, Chapter 4)

V" fllp < Mkl [1£]lp = (1/n) | £]]5,
that is ||V™|| < 1/nl. Since (V™1)(t) = t"/n!, we have
VP> IV 1], = (1/n!) [1/(np +1)1/7).

Thus
1/(np + 1)1/77 < (nl|[VP)V"™ < 1,
and we conclude from (iii) that d(S+aV, S+ 8V) =1 for a # 3. The last observation

follows from (ii).

(d) If v is s-Volterra, then
R(A\;v) = A te + A2 exp(s/A)v exp(—s/A) (A #0).
Solution.

By Part (c) (i), v is quasi-nilpotent. Hence R(A;v) has the (absolutely) convergent
Neumann expansion (for all A # 0)

o0

R(Av) =Y o"/AmT = xTTe £ 472 ) "ot /Am,
n=0

n=0
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By Part (b) (ii), we obtain (for all A # 0)

R(Av) = A"le+ A2 ATH(DY /nl)w

n=0
=Ate+ A 2exp(Ds/A)v. (17)
Since Dy = Ls — Rs and L commutes with R in B(.A), we have
exp(Ds/A) = exp(Ls/A) exp(—Rs/A),

and clearly exp(Ls/\)z = exp(s/A) z and exp(—Rs/A) z = z exp(—s/A) for all z € A.
The formula in Part (d) follows then from (17).

(e) If v is s-Volterra, then for all a,A € C
exp[A(s + av)] = exp(As)(e + Av)* = (e — Av) ¥ exp(As), (18)

where the binomials are defined by means of the usual series (note that v is quasi-
nilpotent, so that the binomial series converge for all complex A).

Solution.
For any a,b € A, since L, commutes with C(a,b) in B(.A), we have for all A € C
exp(Ab) = exp(ARp) e = exp[AL, — AC(a,b)] e = exp(AL,) exp[—AC(a,b)]e. (19)
Similarly, since R, commutes with C(b, a),
exp(Ab) = exp(ALp) e = exp[AR, + AC(b,a)] e = exp(AR,) exp[AC(b,a)]e.  (20)
If v is s-Volterra (s,v € A) and a € C, take a = s and b = s+ av in (19). By Part (b)
(iii), for all n =0,1,..., C(s, s+ av)? e = (—1)"n!(2)v”. Hence by (19)
exp[A(s + av)] = exp(As) i (:) A"v"™ = exp(As) (e + Av)*. (21)
n=0

The second formula in (18) is obtained in a similar fashion from (20) .

(f) If v is s-Volterra and p(s) is connected, then o(s + kv) C o(s) for all k € Z. For
all A € p(s),
k
k . .
R(X;s+kv) = Z ( _)j!R()\; s)i 1yl (k> 0); (22)
J

=0
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(Apply Exercise 9.) If p(s) and p(s + kv) are both connected for some integer k, then
o(s+ kv) = o(s). In particular, if o(s) C R, then o(s + kv) = o(s) for all k € Z.

Solution.

Denote § = lim sup(n!||v”||)1/” (= d(s + av, s + fv) whenever a # (3 by Part (c)
(iii), and is < diam o(s) by Part (c) (v)). With notation as in Exercises 9 and 10, with
a = s and b = s + av for any a # 0, the compact set

A:={X; d(N\o(s)) <6} (24)

coincides with o(s, s + av), contains o(s + av), and on its complement (which is
a subset of p(s + av) and of p(s)), one has R(A;s + av) = br(A) = br(A). (The
dependence of by, and by on « is not shown for simplicity of notation.) In the present
case, by Part (b) (iii),

br(X) = iR(A; 5)it+! ]'(;‘) = (25)

=0

o0

br(\) = Z(—l)jj! (__a) v R();s)7 T, (26)
i=0 J
Note that by, and bg reduce to the finite sums in (22) and (23) when a = k € NU {0}
and —a = k € N respectively. As observed above, for all A € A and k € NU {0},

br(A) [Ne — (s + kv)] = [Ae — (s + kv)]br(A) = e.

Since by, is a finite sum in the present case, the functions above are analytic throughout
p(s) and coincide on the non-empty open subset A°. Since p(s) is connected, they
coincide throughout p(s), that is, p(s) C p(s + kv), and (22) is valid. The same
argument (with bg instead of by, and with k a negative integer) yields the conclusion
p(s) C p(s+ kv) and (23) in case k < 0.

Observe that if v is s-Volterra, and s’ := s + kv, then v is s’-Volterra as well.
Therefore, if p(s’) is assumed connected, our previous result shows that o(s) = o(s’ —
kv) C o(s"). If p(s) is also connected, we have o(s’) C o(s). Therefore o(s’) = o(s)
when both resolvent sets are connected. In particular, if o(s) C R (so that p(s) is
trivially connected), we have o(s’) C o(s) C R, hence p(s’) is also connected, and the
conclusion o (s’) = o(s) follows (when o(s) C R).
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13. Let A be a (unital, complex) Banach algebra, and let a,b,c € A be such that
C(a,b)c =0 (i.e., ac = cb). Prove:

(a) C(e%, eb)c =0 (i.e., e*c= ce®, where the exponential function e? is defined by the
usual absolutely convergent series; the base of the exponential should not be confused
with the identity of .A!)

( A trivial induction shows that a™c = ¢b™ for all n = 0,1,2,--- . Therefore, by
continuity of multiplication in A, e%c = ce®.)

*
z—T || _

b) If Ais a B*-algebra, then e*~%" is unitary, for any z € A. (In particular, ||e
1.)

(By continuity of the involution on a B*-algebra, [e®~% |* = e* =% = [~ |~1))

c) If Ais a B*-algebra and a,b are normal elements (such that ac = cb, as before!),
g
then
e ce™t = e Tt (27)

b*

< lell (28)

||ea* ce”

(Formula (27) follows from Part (a) by multiplying on the left by e =% and on the
right by e~
e®t¥ = eZe¥ follows as usual from the power series representation. Since a,b are
normal (that is, commute with their adjoints), e? —@ — @' (e*)~! and ebet" = b=t

The inequality (28) follows then from (27) and Part (b).)

. Indeed, for commuting elements =,y € A, the "exponential identity”

(d) For a,b,c as in Part (c), define
f) = e (A eQ). (29)

Prove that ||f(A)]| < ||¢|| for all A € C, and conclude that f(A) = ¢ for all A (that is,
e ¢ = cer for all A € C).

Solution.

If a,b,c are as in Part (c) and A € C, then Aa, Ab, c are as in Part (c). Replacing
a,b by Aa, Ab in (28), we obtain ||f(A)|| < ||e||. For any continuous linear functional
¢ on A, ¢o fis acomplex valued entire function, bounded by ||¢|| ||¢|| for all A € C.
By Liouville’s theorem, ¢ o f is constant, that is, ¢(f(A)) = ¢(f(0)) = ¢(c) for all ¢.
By Corollary 5.7, f(A) = ¢ for all X € C.

(e) If Ais a B*-algebra, and a, b are normal elements of .4 such that ac = ¢b for some
c € A, then a*c = cb*.
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In particular, if ¢ commutes with a normal element a, it commutes also with its adjoint;
this is Fuglede’s theorem.

(By Part (d), e’ ¢ = ce*” for all A € C. Writing the power series for both sides of this
identity, it follows from the uniqueness of power series representation (cf. Corollary
5.7!) that the coefficient of A on both sides coincides, that is, a*c = cb*.)

14. Consider L'(R) (with respect to Lebesgue measure) with convolution as multipli-
cation. Prove that L'(R) is a commutative Banach algebra with no identity, and the
Fourier transform F is a contractive (i.e., norm-decreasing) homomorphism of L!(R)

into Co(R). (Cf. Exercise 7, Chapter 2.)
Solution.

By Theorem 1.29, L!(R) is a Banach space. By Exercise 7, Chapter 2, f*xg € L'(R)
and || = glls < [[flllgl}s for all £,g € L} (R).
The associative law for convolution: by Exercise 7(d), Chapter 2, if g,h € L'(R),
then g(y — z)h(z) € L'(R?); also f(x — y) is measurable on R? for f € L!(R); hence
f(z —y)g(y — 2)h(2) is measurable on R?. Since |f|*(|g|*|h|) € L*(R), f(z —1y)g(y —
z)h(z) € L*(R?) for almost all z € R. For such z, an application of Fubini’s theorem
and the invariance of the Lebesgue measure give

[f * (g % h)]( //fa:— y— 2)h(z dzdy_/ /f:::— —z)dy)h(z)dz

:/(/f(a:—z—u)g(u)du)h(Z)dZZ [(f * g) * h]().

The commutative law fxg = gx* f follows from the invariance of the Lebesgue measure;
the distributive law is a trivial consequence of the linearity of the integral. We then
conclude from these verifications that L!(RR) is a commutative Banach algebra in the
sense of Exercise 1 (no identity required). Actually, if there were an identity e € L*(R),
then (cf. Exercise 7, Chapter 2) (Fe)? = F(e x e) = Fe, so that Fe has the range
{0,1}. Since Fe is continuous and vanishes at infinity (cf. Parts (f) and (k) of Exercise
7, Chapter 2), Fe is identically 0; but then F'f = F(f xe) = Ff Fe = 0 identically
for all f € L*(R), which is absurd (cf. 1.3.12, page 303). (The remaining statements
of the exercise are contained in Parts (f) and (k) of Exercise 7, Chapter 2.)

15. Let ¢ be a non-zero homomorphism of the Banach algebra L' = L}(R) into C (cf.
Exercises 14 and 1). Prove:

(a) There exists a unique h € L = L*°(R) such that ¢(f) = [ fhdz for all f € L*,

and [|h||oc = 1. (All [ in this exercise mean [.) Moreover

o(fy)(9) = ¢(F)¢lgy)  (frg9€Ll; y€R), (30)
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where f,(z) = f(z —y).
Solution.
By Exercise 1, ¢ € L'(R)* and [|¢|| = 1. By Theorem 4.6, there exists a unique
h € L>=(R) such that ¢(f) = [ fhdz for all f € L'(R), and ||h||sc = ||¢|| = 1. Finally

(30) follows from the relation f, * g = f x g, and the multiplicativity of ¢. (The above
relation is verified as follows:

(fyxg)(z /f z—y—t)g(t)dt = (fxg)y(z) = (9% f)y(z) = (gy*f)(z) = (F*gy)(2).)
(b) For any f € L' such that ¢(f) # 0,

(i) h(y) = $Ufy) a.e.; (in particular, h may be chosen to be continuous).

Solution.

If G € L'(R?), then G(z,-) € L'(R) for almost all z, G(-,y) € L'(R) for almost
all y, and the almost everywhere defined function [ G(-,y)dy belongs to L'(R) (cf.
Fubini’s theorem, Theorem 2.17). By linearity and cont1nu1ty of ¢ on L(R), it follows

that
o[ 6ty = [ si6t )y (3

Let f be as in the hypothesis and g € L!'(R). By (31) with G(z,y) = f(z —y)g(y) (cf.
Exercise 7(d), Chapter 2)

(1)d(g) = 8(f * ) = / £, (2)g(y)dy) = / o(f,) o(y) dy

Dividing by the non-zero constant ¢(f), we obtain

o) = [ o) fb‘(’}f (g€ I'R)). (32)

By (32), the unique A € L°°(R) in the integral representation of ¢ coincides a.e.
with ¢(f,)/#(f) (which is continuous and bounded, hence in L>(R); indeed, by the
invariance of Lebesgue’s measure and Exercise 1, Chapter 3,

[6(fy) — o(fe)| = [6(fy — f)l < MBI Fy — felln

= ||fy_ ft”l = ||fy—t_ f||1 =0 asy—t,
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and |o(fy)| < |9l |1 fyll = ||f]]1-) We may then choose h as the continuous represen-
tative ¢(f,)/d(f) of its equivalence class (this choice is independent on the particular

f € LY(R) such that §(f) # 0, as follows from (30).)

(ii) ¢(fy) # 0 for all y € R.

(If ¢(fy,) = O for some yp, then by (30), we would have ¢(g,,) = 0 for all g € L*(R).
Take in particular g = f_,,. Then 0 = ¢(g,,) = ¢(f), contradicting the hypothesis on

f)
(iii) |h(y)| =1 for all y € R.
Solution.

By (ii), we may take f_, instead of f in the definition of h, for any y € R. Then

for any v,
i A=)l _ of)
o(f-y)  o(f-y)

Since |h| < 1, it follows from (33) that |h| > 1, hence |h| = 1 identically.

h(y) = = h(-y)™". (33)

(iv) h(z + y) = h(z)h(y) for all z,y € R and h(0) =

Conclude that h(y) = e~*¥ for some ¢t € R (for all y) and that ¢(f) = (Ff)(¢),
where F'is the Fourier transform.

Conversely, each ¢ € R determines the homomorphism ¢:(f) = (F f)(t). Conclude
that the map t — ¢; is a homeomorphism of R onto the Gelfand space ® of L' (that
is, the space of non-zero complex homomorphisms of L' with the Gelfand topology).

(Hint: the Gelfand topology is Hausdorff and is weaker than the metric topology on
R.)

Solution.

We have h(0) = ¢(fo)/¢(f) = 1, since fo = f. Fix z,y € R. By (ii), ¢(fz) # 0; by
the observation at the end of (i),

_ ¢[(f:c)y] N ¢(fm+y) ¢(f) N h(m +y)

"W =6 T ) M) RE)

e, h(a +9) = h(z)h(y) 2 2

Let g(z) =e —2° We have #(g9) = #([g(z/n)]™) = [¢p(g9(x/n))]™* . Suppose ¢(g) = 0.

Then ¢(| g(z /| n)) = 0 for all n € N. We have f,(z) := f(z)g(z/n) — f(z) pointwise
<

and |f, f| € L*(R). Therefore f, — f in L'(R) by the Lebesgue Dominated
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Convergence theorem (Theorem 1.20). Hence 0 = ¢(g(z/n)) = ¢(g9(x/n))o(f) =
&(fn) = ¢(f), ie., ¢(f) = 0, contradicting our hypothesis on f. This argument shows
that ¢(g) # 0, and therefore, by the observation at the end of (i), h(y) = ¢(gy)/d(9g)-
For 0 < |y| < 1,

ly~ gy () — g(2)]] < 2(jz| + 1) e~ =" € LY(R),

and y~!g,(z) — g(z)] — 2z e~ pointwise as y — 0. By dominated convergence,
y gy —9) & 2z e~ in L*(R), and therefore y Heo(gy) — 9(9)] — ¢(2z e==") (by
linearity and continuity of ¢). In particular, the limit lim, o y~![h(y) — h(0)] exists
(i.e., h is differentiable at 0). It follows now from the identity h(z + y) = h(z)h(y)
that h is differentiable at every point z and h'(z) = h'(0)h(z):

y~ Mz +y) = h(2)] = h() y = [h(y) — h(0)] = h(z)'(0).
Denote h’(0) = a. The unique solution of the ”initial value problem”
h' = ah, h(0) =1

is h(z) = e**. Since |h(x)| = 1 identically, a is a pure imaginary constant, say a = —it
(thus h(z) = e7*** and @(f) = [ f(z)h(z)dz = (Ff)(t)).

Conversely, for each ¢t € R, the map ¢ : f — (Ff)(t) is a non-zero homomorphism
of L'(R) into C (cf. Exercise 7(f), Chapter 2; note that for each ¢ there is an f € L'
such that (Ff)(t) # 0; actually, there are f such that F'f # 0 everywhere, cf. 1.3.12;
thus ¢, is not the zero homomorphism). The map 7 : ¢ — ¢, is thus a map of R onto
®. It is one-to-one: indeed, if ¢, = ¢, for some t,s € R, consider the L! function f
defined by f(z) = e~® for z > 0 and f(z) = 0 for £ < 0. Then (Ff)(u) = (1 + u)~!
(cf. 1.3.15 ). Hence (1 +it)™! = ¢:(f) = ¢s(f) = (1 + is)™', and therefore t = s.
The map 7 is continuous: indeed, if ¢, — t in R, then for all f € L'(R), ¢, (f) =
(Ff)(tn) = (Ff)(t) = ¢:(f) (cf. Exercise 7(f), Chapter 2). This means that ¢, — ¢+
in ® (with the Gelfand topology, which is the relative weak*-topology of (L!)* on ®).
Thus 7 is continuous. Extend 7 to the one-point compactification R = R U {oo} by
defining 7(00) = 0 (the zero homomorphism). The extended 7 is one-to-one and onto
®y := ® U {0}. It is also continuous (when ®; is endowed with the relative weak*-
topology of (L')*), because if ¢, — oo, then ¢; (f) = (Ff)(tn) = 0 = ¢oo(f) for
all f € L', that is, 7(t,) — 7(00) (cf. Exercise 7(k), Chapter 2). If E C R is closed
(hence compact!), 7(E) is a compact subset of the Hausdorff space ®¢, and is therefore
closed. This shows that 7 is a homeomorphism of R onto ®q. Its restriction to R is
then a homeomorphism of R onto ®.

16. Let A, B be commutative Banach algebras, B semi-simple. Let 7: 4 — B be an
algebra homomorphism. Prove that 7 is continuous. Hint: for each ¢ € ®(B) (the
Gelfand space of B), po1 € ®o(A) : ®(A) U {0}. Use the Closed Graph theorem.
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Solution.

For each ¢ € ®(B), ¢ o7 € ®¢(A) (it is a homomorphism of A into C, as the
composition of two homomorphisms). By Section 7.2, Subsection 3, o7 is continuous.
Let a,, € A be such that a, — a in A and 7(a,) — b in B. By the continuity of ¢ on
B and of ¢ o 7 on A, we have (for all ¢ € ®(B))

¢(b) = lim ¢(7(an)) = lim(¢ 0 7)(an) = (¢ 0 7)(a) = ¢(7(a)). (34)

Since B is semi-simple, ®(B) separates the points of B (cf. Section 7.2, end of Subsec-
tion 6). It then follows from (34) that b = 7(a). This shows that 7 : 4 — B is a closed
(everywhere defined) operator between the Banach spaces A and B. By the Closed
Graph theorem (Corollary 6.13), 7 is continuous.

17. Let X be a compact Hausdorff space, and let A = C(X). Prove that the Gelfand
space ® of A (terminology as in Exercise 15) is homeomorphic to X. Hint: consider
the map t € X — ¢ € ®, where ¢:(f) = f(t), (f € C(X)) (this is the so-called
“evaluation at t” homomorphism). If 3¢ € ® such that ¢ # ¢, for all ¢ € X and
M = kerg, then for each t € X there exists f; € M such that fi(¢) # 0. Use
continuity of the functions and compactness of X to get a finite set { ftj} C M such
that h := > |ftj|2 > 0 on X, hence h € G(A); however h € M, contradiction. Thus
t — ¢ is onto @, and one-to-one (by Urysohn’s lemma). Identifying ® with X through
this map, observe that the Gelfand topology is weaker than the given topology on X
and is Hausdorff.

Solution.

Following the hint (and its notations), we consider the map 7 : ¢ — ¢; of X into
® (for any t € X, ¢; is a homomorphism of A, since the operations in 4 are defined
pointwise, and it is not the zero homomorphism, because ¢;(e) = 1, where e(t) = 1
identically).

Ift,s € X, t # s, there exists f € A such that f(¢) =1 and f(s) = 0 (cf. Urysohn’s
lemma, Theorem 3.1), i.e., ¢+(f) # &s(f), hence 7(t) # 7(s), showing that 7 is one-
to-one.

Suppose T is not onto, and let then ¢ € ® be such that ¢; # ¢ for all t € X. The
corresponding maximal ideals M; := ker(¢;) and M := ker(¢) are then distinct (cf.
Section 7.2, Subsection 2). Hence, for each ¢ € X, there exists a function f; € M such
that f; ¢ M;. Thus f:(t) # 0, and since f; is continuous, there exists a neighbourhood
Vi of t on which f; # 0. By compactness of X, there exist t1,--- ,t, € X such that
X = Uj_, V&,. Consider the function h = 0, |fi;|> = 3, ftj?tj € M. For each
x € X, there exists j such that « € V;,, and therefore h(z) > |f;,(z)|> > 0. Hence
1/h € C(X) = A, which means that h € G(A). But h € M, contradicting the fact
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that M N G(A) = 0 for any (maximal) ideal M (cf. Section 7.2, Subsection 3). We
then conclude that 7 is onto.

If {t,} is a net in X converging to t € X, then for each f € A, we have ¢:_(f) — ¢:(f)
by continuity of f (this is just another way of writing that f(t») — f(¢)). Hence
¢+, — ¢ (by definition of the Gelfand topology on ®), i.e., 7(to) — 7(t). Collecting,
we established that 7 is a bijective continuous map of the compact space X onto the
Hausdorff space ®; it is therefore a homeomorphism of X and ®.

18. Let U be the open unit disk in C. For n € N, let 4 = A(U™) denote the Banach
algebra of all complex functions analytic in U™ := U X ... x U and continuous on
the closure U™ of U™ in C", with pointwise operations and supremum norm [|f||,, :=
sup{|f(z)|;z2 € U"}. Let ® be the Gelfand space of A (terminology as in Exercise 15).
Given f € A and 0 < r < 1, denote f.(z) = f(rz) and Z(f) = {z € U™; f(z) = 0}.

Prove:

(a) f, is the sum of an absolutely and uniformly convergent power series in U™. Con-
clude that the polynomials (in n variables) are dense in A.

Solution.

Fix 0<r<1. Forall 2 € U™, rz € {z = (21, - ,2,) € C*; |2;] < r}, and this set
is a compact subset of U™. Therefore, for each f analytic in U™, the function f. € A
(defined on U™ by f,(z) := f(rz)) has an absolutely and uniformly convergent power
series representation on U™. In particular, the partial sums of the series (which belong
to P, the algebra of all complex polynomials in n variables) converge uniformly to
fr on Un. If u is a regular complex Borel measure on U™ such that [pdp = 0 for
all p € P (integration in the sequel is over U™), then [ f.du = 0 for all f € A and
0 < r < 1. By continuity of such f on U™, f. — f pointwise on U™ as r — 1—,
and |f.| < ||f||l. € L*(|p]). By the Dominated Convergence theorem (Theorem 1.20),
0= [frdp— [ fdu. Thus [ fdu=0 forall f € A. By Theorem 5.2, Corollary 5.6,
and Theorem 4.9, it follows that P is dense in A.

(b) Each ¢ € ® is an “evaluation homomorphism” ¢,, for some w € U™, where
¢w(f) = f(w). Hint: consider the polynomials p;(z) = z; (where z = (21, ..., 2)).

Then w := (¢(p1), .., P(Pn)) € U™ and #(pj) = pj(w). Hence ¢(p) = p(w) for all
polynomials p. Apply Part (a) to conclude that ¢ = ¢,,. The map w — ¢, is the
wanted homeomorphism of U™ onto ®.

Solution.

Let ¢ € ® be given, and use the notation of the "hint”. Note that w € U™, because
wj| = |¢(ps)| < ll¢ll[lpslle = 1. We have éu(p;) = pj(w) = é(p;) for j = 1,--- ,m,
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hence ¢.,(p) = ¢(p) for all p € P, because p1, - - - , p, generate the algebra P, and ¢, ¢
are algebra homomorphisms which coincide on p;, j = 1,--- ,n. Since P is dense in A4
(by Part (a)) and the homomorphisms ¢,,, ¢ are necessarily continuous (and coincide
on P), we conclude that ¢ = ¢,,. This shows that the map 7: w € U™ — ¢,, € ® is
onto. Suppose v,w € U™, v # w. There exists then j € {1,--- ,n} such that v; # wj,
that is, p;j(v) # p;j(w). Thus ¢,(p;) # ¢w(p;), hence ¢, # ¢, and T is one-to-one.
If w, — win U™, then f(w,) — f(w) for all f € C(U™), that is, ¢,,, — ¢y in P,
by definition of the Gelfand topology on ®. Collecting, we see that 7 is a bijective
continuous map of the compact space U™ onto the Hausdorff space ®; it follows that T
is a homeomorphism.

(c) Given fi,..., fm € A such that (;—, Z(fx) = 0, there exist g1,...,gm € A such
that Y, fegr = 1 (on W) Hint: otherwise, the ideal J generated by fi,..., fm 18
proper, and therefore there exists ¢ € ® vanishing on J. Apply Part (b) to reach a
contradiction.

Solution.

Let J be as in the hint. If J # A, it is contained in a maximal ideal M (cf. Section
7.2, Subsection 3). Let ¢ = ¢ (notation as in Section 7.2, Subsection 2). Since
ker(¢rr) = M, ¢ vanishes on J C M. By Part (b), there exists w € U™ such that
¢ = ¢u. Hence f(w) =0 for all f € J, and in particular, fr(w)=0for k=1,--- ,m.
This means that w € (;—, Z(fx) = 0, contradiction. Hence J = A. Equivalently,
1 € J, which means that there exist g1, ,gm € A such that 1 =), frgs.

19. Let A be a (unital, complex) Banach algebra such that

lall*

K= 5 Jlae]] <> (33)
Prove:
(a) ||a]| < Kr(a) for all a € A.
Solution.
By (35),
lall < K*2[ja?[[V2 (a € A). (36)

We verify by induction that foralla € Aand n=1,2,---,

||a|| S K(1/2)+...+(1/2")||a2n||1/2n‘ (37)
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(For n =1, this is (36); assuming (37) for n, we get (37) for n + 1 by using (36) with
a?" replacing a.)
Letting n — oo, we conclude from (37) and the Beurling-Gelfand formula (Theorem

7.9) that ||a|| < K r(a) for all a € A.

(b) |lp(a)|| £ K |[pllc(o(ay) for all p € P, where P denotes the algebra of all polynomials
of one complex variable over C.

Solution.

By the spectral mapping theorem (Theorem 7.8), in any (unital, complex) Banach
algebra A, ifa € Aand p € P,

r(p(a)):= sup [A= sup [A= sup [p(p)|:=|Ipllcio(a))- (38)
A€o (p(a)) ep(o(a)) p€o(a)

Now (b) follows from Part (a) with p(a) replacing a and (38).

(c) If a € A has the property that P is dense in C'(o(a)), then there exists a continuous
algebra homomorphism (with norm < K) 7: C(o(a)) — A such that 7(p) = p(a) for
all p € P.

Solution.

Define 7 on P by 7(p) = p(a). Then 7 is an algebra homomorphism of P into A;
it is continuous with norm < K by Part (b), when P is considered as a subspace of
C(o(a)). By Exercise 1, Chapter 4, 7 extends uniquely as an element of B(C(o(a)),.A),
with norm < K, by the assumed density of P in C(o(a)). The multiplicativity of
7 on C(o(a)) follows trivially from the continuity of 7, the density of P, and the
multiplicativity of 7 on P.

20. Let K C C be compact # (), and let C(K) be the corresponding Banach algebra of
continuous functions with the supremum norm ||f||x := supg |f|. Denote P; := {p €

P; ||pllx < 1} (cf. Exercise 19 (b)).

Let X be a Banach space, and T € B(X). For z € X, denote

|z]|z := sup ||p(T)z]]; (39)
PEP1
Zr :={z € X; ||z||r < oo}. (40)

Prove:
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(a) Zr is a Banach space for the norm || - ||z (which is greater than the given norm on

X).
Solution.

The constant polynomial e(A\) = 1 (identically) belongs to P; and e(T) = I (the
identity operator on X); hence ||z||7 > ||e(T)z|| = ||z|| for all z € X. Therefore || - ||
is positive definite; it is trivially homogeneous and satisfies the triangle identity. Thus
Zr is a subspace of X and ||-||r is a norm on Zr. Suppose {z,} is a Cauchy sequence
with respect to the norm || - ||7. Since this norm is greater than the given norm, the
sequence is Cauchy in the Banach space X, hence converges in X to some x.

Given € > 0, there exists ng € N such that ||z,, — z,,||T < € for all n,m > ny. Hence

p(T) (2 —zm)|| <€ (n,m >ng; p€ Pr). (41)
Letting m — oo, we obtain (by the continuity of p(7") and of the norm)
lp(T)(zrn —z)[[ <€ (n>mng; p€ P,

that is, ||z, — z||7 < € for all n > ng; thus z,, — z in the || - ||p-norm. This shows
that (Zr, || - ||7) is a Banach space.

(b) |lp(T)||B(zr) <1 (for all p € Py).
Solution.

Note that if we let 7,(p) = p(T)z, then = € Zr iff 7, € B(P,X) (where P is
considered as a subspace of C(K)), and (by definition of the norms!)

|zllz = lI7=][5(P,x)- (42)
In particular
lp(T)z|| < llpllkllzllz (= € Zr,p € P). (43)
Fix x € Zr and p € P. For any ¢q € P, we have by (43)
a(T)[p(T)=]l| = [l(ap)(T)=|| < llapl|kl=llz < |Ipllx ],
hence
lp(T)z|lr < llpllkll=llr (= € Zr,p € P). (44)

This means that |[p(T)||p(z,) < ||p||x for all p € P (which is eqgivalent to (b)).

(c) If the compact set K is such that P is dense in C(K), there exists a contractive
algebra homomorphism 7 : C(K) — B(Zr) such that 7(p) = p(T) for all p € P.

(This follows from Part (b), in the same manner as Part (c) follows from Part (b) in
Exercise 19.)



