CHAPTER 6

BOUNDED OPERATORS

1. Let X be a Banach space, ¥ a normed space, and T' € B(X,Y). Prove that if
TX #Y, then T'X is of Baire’s first category in Y.

Solution.

Suppose T'X of Baire’s second category in Y. Then by the open mapping theorem
(Theorem 6.9), T" is an open mapping. Hence 7'X is an open neighbourhood of zero
in Y, and contains therefore an open ball B(0,7) in Y. For any 0 # y € Y, ay €
B(0,7) C TX for any scalar 0 < o < r/(||y||), hencey € a1 TX =TX,ie., TX =Y,

contradiction.

2. Let X,Y be normed spaces, and 1" : X — Y be linear. Prove that

17| = sup{|y"T'z|; z € X, y* € Y™, |[af| = [[y"[| = 1}.

Solution.

By the definition of operator norm and Corollary 5.8,

|T|| = sup ||Tz||= sup sup |y*T=z|.
[|z]|=1 [lz]]=1 |ly*[||=1

3. Let (S, A, ) be a positive measure space, and let p,q € [1, 00] be conjugate expo-
nents. Let T : LP(u) — LP(p) be linear. Prove that

IT']] = supf] /S(Tf)g dul; f € LP(u), g € L9(p), |I£llp = llgllg = 1}- (1)

(In case p =1 or p = oo, assume that the measure space is o-finite.)
Solution.

Write LP := LP(u). In case 1 < p < oo, there exists an isometric isomorphism
V :z* — g of (LP)* onto L? such that

2 f = /ngdu (f € I?). (2)



Let T be a linear map of LP into itself. By Exercise 2,

IT]| = sup sup =" Tf],
1£llp=1 =*€(Lr)"slle*[I=1

and (1) follows from (2)

The case p = 00 (¢ = 1). For any given f € L, the function T'f € L* determines
the continuous linear functional ¢; € (L')* by

b1(9) = /5 (Tflgdu (g€ IY), (3)

and ||¢¢|| = ||Tf||co (cf. Theorem 4.6). Using the definition of the norms ||T’|| and ¢,

we obtain

IT[= sup |[Tfllc = sup |l¢¢l],
Fllee=1 [1£llo=1

= sup sup [df(9)l,
flleo=1 |lglls=1

and (1) follows from (3).

4. Let X be a Banach space, {Y,;a € I} a family of normed spaces, and T, €
B(X,Y,), (o € I). Define

7Z ={z € X; sup||Taz|| = 0}.
acl

Prove that Z is either empty or a dense G5 in X.
Solution.

Consider the sets

Vi = {z € X; sup ||Taz|| > n} (n €N).
a€el

If © € V,, there exists ag € I such that ||Ty,z|| > n. Since T,, is continuous, there
exists r > 0 such that ||T,,y|| > n for all y € B(z,r). Hence sup, ||Toy|| > n for all
y € B(z,r). This shows that V,, is open, and therefore Z (= (), V,) is a G5 in X. If
V., are dense in X for all n, it follows from Baire’s theorem (Theorem 6.1) that Z is a
dense G5 in X. Otherwise, there exists N € N such that Vi is not densein X. Hence
there exists a ball B(a,r) C V¥, ie., ||[Tay|| < N for all y € B(a,r) (= a +rB(0,1))
and all a € I. Therefore, for all @ and z € B(0,1),

| Taz|| = (1/7)|[Tala + ra) — Taal| < 2N/,
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ie., ||Ta|| < 2N/r for all a. Hence for all z € X, ||Toz|| < (2N/7)||z|| for all a € I,
that is sup, ||Taz|| < (2N/r)||z|| < co, and so Z = 0.

5. Let X,Y be Banach spaces, and let T': D(T) C X — Y be a closed operator with
range R(T) of the second category in Y. Prove:

(a) R(T) =Y.
Solution.

Let G(T') := {[z,Tz]; x € D(T')} be the graph of T". Since T is a closed operator,
G(T) is a Banach space (with the X x Y-norm). Let S := Py|g(r) be the restriction
to G(T) of the projection Py of X X Y onto Y. Then S is a continuous linear map of
G(T) onto R(T), and R(T) is of Baire’s second category in Y. By the open mapping
theorem (Theorem 6.9), S is an open mapping. Therefore its range R(T) = T(X) is
an open subspace of Y, hence coincides with Y (since 0 € R(T'), some ball rBy (0,1)
is contained in R(T); therefore, for every 0 # y € Y, y = (2||y||/r) r[y/(2||y]|)] €
Cllyll/r) R(T) = R(T), i.e., R(T) = V).

(b) There exists a constant ¢ > 0 such that, for each y € Y, there exists z € D(T)
such that y = Tz and ||z|| < ¢||y||-

Solution.

By Part (a), S: G(T) — Y is onto. Let N = ker S. Then N is a closed subspace of
G(T), and therefore G(T)/N is a Banach space (with the quotient norm; cf. Theorem
6.16). By the homomorphism theorem, S induces a (norm-decreasing) one-to-one

linear map S of G(T)/N onto Y by

S([z,Tz] + N) = S[z,Tz] (= Tx).

By Corollary 6.11, (5’)_1 is bounded; let ¢/2 be its norm. Given y € Y, let [zg, Txo] +
N = (S)™'y. Then

inf + 2’ T(xg + 2)]|| < (c/2 .
[m,’%r;,]eNll[wo a', T(zo +2')]|| < (¢/2)|]y]|

Hence there exists [2”,Tz”] € N such that
I[zo +27, T(zo +27)]|| < eyl (4)

Set = ¢ + 2”. Then z € D(T'), Tz = y, and by (4), ||z|| < ||[z,Tz]|| < ¢||y|]-



(c) If T is one-to-one, then T~! is bounded.
(This is a trivial consequence of Part (b).)

6. Let m denote Lebesgue measure on the interval [0,1], and let 1 < p < r < 0o. Prove
that the identity map of L"(m) into LP(m) is norm decreasing with range of Baire’s
first category in LP(m).

Solution.

Caser = oo. If f € L>(m), |f| <||f]loc a-e., hence |[f][p < [|Flloo[|L][p = [| f]loc < o0,
which shows that f € L?(m) and the identity map id of L°>°(m) into LP(m) is norm
decreasing.

Case r < oo. We use Holder’s inequality with the conjugate exponents r/p and
s=r/(r—p). For all f € L"(m),

st = [ 1 vam < ([ asere)” ([ rram) < st < o,

hence id : L"(m) — LP(m) is norm-decreasing.

For 1 < p < r < oo, id(L"(m)) # LP(m), and therefore id(L"(m)) is of Baire’s first
category in LP(m), by Exercise 1.

(Since 1/r < 1/p, we may pick any s such that 1/r < s < 1/p; then sp < 1, and
consequently fol t~*Pdm < oo; however sr > 1, and therefore fol t~*"dm = oo in case
r < 00, and |[t7®||ec = 0o. This shows that t7° € LP(m) — L"(m).)

7. Let X be a Banach space, and let T : D(T) C X — X be a linear operator.
Suppose there exists a € C such that (al — T)™! € B(X). Let p(A\) = Y cxA* be
any polynomial (over C) of degree n > 1. Prove that the operator p(T) := 3. ¢, T"
(with domain D(7™)) is closed. (Hint: induction on n. Write p(A) = (A — a)q(A) + 7,
where the constant » may be assumed to be zero, without loss of generality, and ¢ is
a polynomial of degree n — 1.)

Solution.

Consider the isometric isomorphism J : [z,y] — [y, z] of X X X onto itself. If T is
one-to-one and 7! denotes its inverse (with domain R(T')), then

G(I™") ={[z,T7 2], z € R(T)} = {[Ty,y]; y € D(T)} = JG(T).

It follows that T is closed iff T~ is closed.
We proceed to prove that p(7T) is closed, using induction on the degree n of the poly-
nomial p (we may assume that its highest coefficient is 1, without loss of generality).



Ifn=1say p(A) = A=, then p(T) =T — I = (a — B)] — (al —T) is closed,
because R := (ol — T)~! is in B(X) by hypothesis, hence closed, and therefore its
inverse al — T' is closed.

Suppose ¢(T') is closed for any polynomial ¢ of degree n — 1 (where n > 1). If pis a
polynomial of degree n, we have p(A\) = (A — a)q(A) + 3, where ¢ is a polynomial of
degree n—1 and 3 is a complex constant. Then p(T") = (T'—al)q(T)+ 1. We may as-
sume [ = 0 without loss of generality. Then Rp(T') = —q(T") on D(p(T')) (C D(q(T))).
Let z,, € D(p(T)) be such that z,, — = and p(T)z, — y. Then z,, € D(¢(T)), and
—q(T)z,, = Rp(T)z,, — Ry. Since q(T) is closed by the induction hypothesis, it fol-
lows that € D(¢(T')) and —¢(T)x = Ry € D(al —T). Hence x € D((T'—al)q(T)) =
D(p(T)) and p(T)z = (T — al)q(T)x = —(T — al)Ry = y. This shows that p(T) is

closed, as desired.

8. Let X,Y be Banach spaces. The operator T € B(X,Y) is compact if the set TBx
is conditionally compact in Y (where Bx denotes here the closed unit ball of X). Let
K(X,Y) be the set of all compact operators in B(X,Y"). Prove:

(a) K(X,Y) is a (norm-)closed subspace of B(X,Y).
Solution.

Let S,T € K(X,Y)and o, € C. If {z,,} € Bx, there exists a subsequence {z } of
{z,} such that Sz/, — y in Y, and a subsequence {z,,”} of {z] } such that Tz,,” — =.
Then (aS + 8T)z,” — ay + [fz. This shows that oS + ST is compact.

Let {T),} € K(X,Y) converge to T in the operator norm, and let {z,} C Bx. For
each m, there exists a subsequence {n m}n of {z,} such that {T,, 2, }» converges.
Consider the (”diagonal”) subsequence {z]} := {z, n}. For each m, it differs from a
subsequence of {z,, y }» by only finitely many terms, and therefore {7}, 2/, },, converges
inY.

Let € > 0 be given. Fiz m such that ||T —T,,|| < €/3. For this m, there exists ng such
that ||Tnz), — Tzl || < €/3 for all n,k > ng. Therefore, if n,k > nyg,
T2, — Ty || < [[(T—Tom) (2 =2 ) ||+ [T, =Tl || < 20|T—Ton || +||Ton 2, — T || < €.
Hence {T'z! } is Cauchy, and T is compact.
(b) If Z is a Banach space, then

K(X,Y)B(Z,X) C K(Z,Y) and B(Y,Z)K(X,Y)C K(X, Z).
In particular, K(X) := K(X, X) is a closed two-sided ideal in B(X).

Solution.



Let S € B(Z,X) and T € K(X,Y). Then SBz C ||S||Bx, hence (T'S)Bz (=
T(SBz) C ||S||TBx) is conditionally compact in Y, since TBx is conditionally com-
pact. Thus T'S € K(Z,Y).

For T as before and S € B(Y, Z), TBx is conditionally compact in Y, and therefore
its continuous image S(T'Bx) is conditionally compact in Z. Hence ST € K (X, Z).

(c) T € B(X,Y) is a finite range operator if its range T'X is finite dimensional. Prove
that every finite range operator is compact.

Solution.

Let T € B(X,Y) be a finite range operator. Then T'Bx is a bounded (by ||T|)
subset of the finite dimensional space T'X, and is therefore conditionally compact (by
the Heine-Borel theorem).

Adjoints

9. Let X,Y be Banach spaces, and let 7" : X — Y be a linear operator with domain
D(T) C X and range R(T). If T is one-to-one, the inverse map 7! is a linear operator
with domain R(T') and range D(T).

If D(T) is dense in X, the (Banach) adjoint 7™ of T is defined as follows:

D(T*)={y* € Y"; y" oT is continuous on D(T)}.

Since D(T') is dense in X, it follows that for each y* € D(T™) there exists a unique
extension z* € X* of y* o T (cf. Exercise 1, Chapter 4); we set z* = T*y*. Thus T*
is uniquely defined on D(T™) by the relation

(T*y" )z =y"(Tz) (=€ D(T)).
Prove:

(a) T* is closed. In case T is closed, D(T™) is weak*-dense in Y*, and if Y is reflexive,
D(T*) is strongly dense in Y*.

Solution.

Let y: € D(T*), y: — y* in Y*, and T*y} — «* in X*. Then for all x € D(T),
yn(Tz) — y*(Tz), and also y;,(Tz) = (T"y,)r — x*x. Hence y* o T = z*|p(r) is
continuous, that is, y* € D(T™*), and the unique continuous extension T*y* of y* o T
to all of X is equal to z*. This proves that 7™ is closed.



Let Yy denote the weak*-closure of D(T*) in Y*. If Y # Y™, pick y§ € Y* not in
Y. By Corollary 5.21, there exist a weak*-continuous linear functional F' on Y* and
a real number A such that

RFE(yy) > A > sup RF(y").
y* eYo*

Since the weak*-topology on Y* is the I'-topology on Y* where I' = kY, it follows
from Theorem 5.23 that there exists yo € Y such that F(y*) = y*yo for all y* € Y*.
Hence
Rygyo > A > sup  Ry*yo.
y*€D(T*)

Since {Ry*yo; y* € D(T™*)} is an additive subgroup of R, its upper boundedness
implies that it is the trivial subgroup {0}. Thus Ry*yo = 0 for all y* € D(T™). For
these y*, also —iy* € D(T*), and therefore R(—iy*yo) = 0, that is, Sy*yy = 0. We
conclude that y*yo = 0 for all y* € D(T™).

Assume now that 7" is closed, and let I'(T’) be its graph.
Suppose yo # 0. Then [0,y0] ¢ T'(T). Since I'(T) is a closed subspace of X x Y, it
follows from Corollary 5.3 that there exists ¢ € (X x Y)* such that ¢(I'(T)) = {0}
and ¢([0,yo]) # 0. By Exercise 3, Chapter 4, there exist z* € X* and y* € Y™ such
that ¢([z,y]) = z*x + y*y for all [z,y] € X x Y. Thus

'z +y"Tz=0 (z € D(T)),

and y*yo # 0. Since y* o T = —z* on D(T), y* o T is continuous on D(T), i.e.,
y* € D(T*), but y*yo # 0, contradicting our preceding conclusion. This shows that
yo = 0. But then we get the contradiction 0 > A > 0! Hence Y;* = Y*, as wanted.

Let Y;* be the strong closure of D(T™) in Y*. If Y;* # Y™, pick y; € Y™ not in Y7*.
By Corollary 5.3, there exists y** € Y** such that y**Y;* = {0} and y**y; #0. If Y is
reflexive, y** = ¢ for some y € Y. Thus y*y = 0 for all y* € D(T*), and yjy # 0. The
preceding argument with y replacing yo shows that the first relation implies necessarily
that y = 0, which contradicts the second relation. Hence Y;* = Y™, as desired.

(b) If T € B(X,Y), then T* € B(Y*, X*), and ||T*|| = ||T||. If S,T € B(X,Y), then
(S + pT)* = aS*+ BT* for all @, € C. f T € B(X,Y) and S € B(Y,Z), then
(ST)* = T*S*.

Solution.
For each y* € Y*, y* o T is continuous (i.e., € X*), hence D(T*) = Y*, and the

identity
T*y*=y"oT  (y"€Y7) (5)



defines T™* as a (clearly linear) map of Y* into X*. By the definition of operator norm
and Exercise 2,

T = sup [[T"y"||=  sup  |(T"y")z|
lly*l1=1 lly*l1=Il2|=1

= sup  [y"Tz| = [[T]].
llv*lI=1l=||=1

In particular, T* € B(Y*, X*).

The linearity of the map 7" — T* (from B(X,Y) to B(Y*, X*)) is evident from the
identity (5).

If 7€ B(X,Y) and S € B(Y, Z), then for all z* € Z*, we have by (5)

(ST)* 2" =2"o(ST) =(2"08)oT = (S*2") o T =T7(S*2") = (T*S)z",
hence (ST)* = T*S*.

(c) T € B(X,Y), then T** := (T*)* € B(X**,Y**), T**|x =T, and ||T**|| = ||T|.
In particular, if X is reflexive, then 7** = T (note that X is identified with X).

Solution.

By Part (b), ||T**|| = ||T*|| = ||T||- Let kx and ky be the canonical embeddings
of X and Y in X™** and Y** respectively. Then for all z € X and y* € Y'*,

[T (rxa)]y” = (kx2)(T"y") = (T"y")z = y" (Tz) = [ky (T2)]y",

that is,
T**I{X = Iin. (6)

With the identifications of kx X and kyY with X and Y respectively, this means that
T x=T.

(d) If T € B(X,Y), then T* is continuous with respect to the weak*-topologies on Y*
and X* (cf. Exercise 4, Chapter 5). Conversely, if S € B(Y*, X™*) is continuous with
respect to the weak*-topologies on Y* and X*, then S = T* for some T € B(X,Y).
Hint: given z € X, consider the functional ¢,(y*) = (Sy*)z on Y™.

Solution.

Let S € B(Y*, X™) be continuous with respect to the weak*-topologies on Y* and
X*. Given z € X, define

¢=(y*) = (Sy" )z (y* €Y"). (7)
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The functional ¢, is trivially linear on Y*. If {y%} is a net in Y* converging weak* to
y*, then Sy* — Sy* weak* in X* (by the continuity hypothesis on S), hence

b2 (ys) = (Sya)z = (Sy™)z == ¢ (y").

Thus ¢, is continuous with respect to the weak*-topology on Y* (for each z € X).
By Theorem 5.23, there exists an element of ¥ (which we denote by Tz, to indicate
its dependence on z) such that ¢,(y*) = y*(T'z), that is

(Sy")e =y*(Tz) (zeX;y" €Y7 (8)

The map T : X — Y is well-defined (if y,y’ € Y both satisfy the defining identity,
then y*y = y*y’ for all y*, and therefore y = y’ by Corollary 5.7); T is clearly linear,
and by Corollary 5.8 and (8),

IT]]= = sup  |y"Tz|=sup|(Sy")z|= sup [[Sy"||=[[S]| < oo
llall=lly*[I=1 lly*1l=1

Thus 7' € B(X,Y), and by (8) and the definition of 7™, T*y* = y* o T' = Sy* for all
vt €Y* ie., § =T

(e) R(T) = N{ker(y*); y* € ker(T™)}. In particular, T* is one-to-one iff R(T") is dense
inY.

Solution.

If y € R(T) (say y = Tz for some z € X), then for each y* € ker T, y*y = y*Tx =

(T*y*)z = 0, that is, R(T) C ﬂy*EkerT* ker y*. Since y* is continuous, its kernel is
closed, hence the intersection of kernels is closed, and it follows that R(T) is contained
in this intersection. -
One the other hand, if yo ¢ R(T), then by Corollary 5.3, there exists y* € Y* such
that y*yo = 1 and y*y = 0 for all y € R(T). Hence T*y* = y* o T = 0, that is
y* € kerT*, but yo ¢ kery*. This shows that yg is not in the intersection, and the
desired equality follows.

(f) Let z* € X* and M > 0 be given. Then there exists y* € D(T™*) with ||y*|| < M
such that «* = T*y* if and only if

[z"z| < M|[Tz]| (2 € D(T)). (9)
In particular, z* € R(T*) if and only if

|z x|
sup < 0.

z€D(T), Tz#0 || Tz ||



(Hint: Hahn-Banach.)
Solution.

Assume (9). The map ¢ : Tz € R(T) — z*z is well-defined (if Tz = T2’ for
z,z’ € D(T), then |z*z — z*2'| = |2*(z — 2')| < M ||T(z — 2)|| = 0). It is clearly
linear, and ||¢|| < M. By the Hahn-Banach theorem (Theorem 5.2), there exists
y* € Y* such that ||y*|| = ||4|| < M and y*(Tz) = ¢(Tz) = z*x for all x € D(T). In
particular, y* o T' = a*|p(r) is continuous, i.e., y* € D(T™), and by definition, T*y" is
the unique continuous extension of y* o1 to X, which is precisely z*. Hence z* = T*y*
(and |ly*|| < M).

The converse is trivial (if z* = T*y* for some y* € D(T*) with ||y*|| < M, then for
all z € D(T)

%z = |(T"y")z| = [y"(Tz)| < [ly"[|[[Tz|| < M [[Tz]].)

(g) Let T € B(X,Y) and let S* be the (norm-)closed unit ball of Y*. Then T*S* is

weak*-compact.
Solution.

By Alaoglu’s theorem (Theorem 5.24), S* is weak*-compact. By Exercise 4, Chap-
ter 5, T™ is continuous from Y* to X* with their weak*-topologies. Therefore T*S* is
weak*-compact, as the continuous image of a compact set (in the appropriate weak*-
topologies).

(h) Let T € B(X,Y) have closed range T X. Suppose z* € X* vanishes on ker(T').
Show that the map ¢ : TX — C defined by ¢(Tz) = z*z is a well-defined continuous
linear functional, and therefore there exists y* € Y* such that ¢ = y*|rx. (Hint:
apply Corollary 6.10 to T' € B(X,TX) to conclude that there exists » > 0 such that
{y e TX; ||ly|| < r} CTBx(0,1), and deduce that ||¢|| < (1/7)[|z*||.)

Solution.

The map ¢ is well-defined, because if Tz = Tz’, then z — 2’ € ker(T) C ker(z*),
hence z*x = z*z’. The linearity of ¢ is evident.
Since T" € B(X,TX) is a continuous linear map of the Banach space X onto the
Banach space TX (because TX is closed in Y'), it follows that 7" is an open mapping
(cf. Corollary 6.10). Hence T'Bx(0,1) is open in TX (and contains 0). Let then
’I“BTx(O, 1) C TB_)((O, 1). Thus

{Tz; [|Ta|| <1} C {T; [[=]| <1/r}.



Therefore

¢l = sup |¢(Tz)| = sup |z7z]
|T=||<1 T ||<1

< sup o'zl= sup (1/r)[e"(ra)| = (1/r)]la]].
[l=]|<1/7 [lrz||<1

Hence ¢ € (T'X)*, and therefore there exists y* € Y* such that ¢ = y*|rx, by the
Hahn-Banach theorem. (Thus z* is in the range of T*.)

(k) With 7" as in Part (h), prove that

T*Y* = {z" € X*; ker(T) C ker(z™)}. (10)
In particular, 7% has (norm-)closed range in X*.
Solution.

As observed at the end of Part (h), the set on the right hand side of (10) is contained
in 7*Y*. On the other hand, if * = T*y* for some y* € Y*, and = € ker(7T), then
z¥z = (T*y*)x = y*(Tz) = 0, i.e., © € ker(z*). This proves the inclusion C in (10),
and the conclusion follows.

10. Let X be a Banach space, and let 1" be a one-to-one linear operator with domain
and range dense in X. Prove that (7%)~! = (T!)*, and T~! is bounded (on its
domain) iff (7*)~! € B(X*).

Solution.

By hypothesis, both 7* and (T~!)* exist. Let z* € D((T~1)*). We have [(T~!)*z*]z
z*T 'z for all x € R(T). Setting x = T'y with y € D(T), the relation is [(T~!)*z*] o
T = z¥| D(T), Which shows that the left hand side is continuous on D(T). Thus
(I'1)*z* € D(T*) and

T*[(T71)*z*] = 2* for all z* € D((T™1)*). (11)
If z* € D(T*), (T*z*)x = «*Tx for all x € D(T). Write Tz = y (¢ R(T)). The
relation takes the form (7*z*)oT~! = z*|p(p-1). The left hand side is thus continuous
on its domain; therefore T*z* € D((T~!)*, and

(T~Y)*(T*z*) = x* for all * € D(T™). (12)

By (12), T* is one-to-one, hence (T*)~! exists, and by (11), (T—1)* C (T*)~!. Writing
T*z* = y* (€ R(T*) = D((T*)™')) in (12), we have (T~ !)*y* = z* = (T*)~'y*, that
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s (T*)~' C (T~')*. Together with the preceding inclusion, this proves the desired
equality.

If T~ is bounded on its domain, y* o T~! is continuous on D(T1!) for all y* € X*,
hence D((T~1)*) = X*. As an adjomt (T~1)* is closed (cf. Part (a)). By the Closed
Graph theorem (Corollary 6.13), (I'~1)* € B(X*), as claimed. Conversely, if the latter
relation holds, y* o T~! is continuous on D(T~!) for all y* € X*. Consider the family
of linear maps

{63 2 € DT, [J|| = 1}, (13)

where ¢, : X* — C is defined by ¢,(y*) = y*T 'z for each 2 € D(T~!). Since
|[p2]| = sup|py« =1 [v* (T~ 2)| = [|T~"2|| < oo (cf. Corollary 5.8), the maps in (13)
are bounded. Also, for each y* € X*,

sup{|¢=(y")|; = € D(T™"), ||=|| =1}

= sup{|(y" o T™")a]; w € D(T™Y), [Ja]| = 1} < o0,

by the continuity of y* o T~! on its domain. It follows from the Uniform Boundedness
theorem (Corollary 6.5) that

sup{||¢z|l; 2 € D(T7), ||lz]] =1} < oo,

That is,
sup{||T " «||; z € D(T™), [|z[| = 1} < oo,

which means that T~! is bounded on its domain.

11. Let T': D(T') C X — X have dense domain in the Banach space X. Prove:
(a) If the range R(T™) of T™ is weak*-dense in X*, then T is one-to-one.
Solution.

Let z € ker(T) and z* € R(T*). Write z* = T*y* with y* € D(T*). Then
¥z = (T*y*)z = y*(Tz) = y*0 = 0. Since R(T™) is weak*-dense in X*, it follows
that z*z = 0 for all 2* € X*, and therefore z = 0 (cf. Corollary 5.7). This shows that
ker(T') = {0}, i.e., T' is one-to-one.

(b) T—! exists and is bounded (on its domain) iff R(T™*) = X*.

Solution.

Suppose T~ ! exists and is bounded (on its domain). Let z* € X*, z € D(T), and
denote y = Tz (¢ R(T) = D(T~1)). By hypothesis, * o T~! is continuous on its
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domain. Hence z* € D((T~!)*) and y* := (T~ !)*2* = 2*o T~ on D(T™!) (= R(T)).
We have y*Tz = y*y = *T~'Tz = z*z, which shows that y* € D(T*) and T*y* = z*.
Hence R(T*) = X*.

Conversely, suppose R(T*) = X*. By Part (a), T is one-to-one, hence 7! exists.
Next, we apply Exercise 5(b) to T (the hypothesis in that exercise are satisfied by
T : D(T*) C X* — X*: it is closed, by Exercise 9(a), and its range is all of X* by
hypothesis). Thus there exists a constant ¢ > 0 such that, for each z* € X*, there
exists y* € D(T*) such that z* = T*y* and ||y*|| < c||z*||. Hence for all z € D(T~1)

T4 = [(Ty) T2l = ly*al < lly”|l llal] < e 2" le]l
that is, |7 | g(p(r-1),x) < ¢ (cf. Exercise 2).

12. Let X be a Banach space, and T € B(X). We say that 7" is bounded below if

T
ing 12l g (14)
ofsex Tlal

Prove:
(a) If T is bounded below, then it is one-to-one and has closed range.
Solution.

Denote the infimum in (14) by 1/c. Then ||z|| < ¢||Tz|| for all x € X. This
trivially implies that ker(7) = {0}. Next, if y, := Tz, € TX converge to y, then
l|zn — zm|| < c||T(zrn — 2m)|| = 0 as n,m — oo. If & denotes the limit of the Cauchy

sequence {z,}, then Tz = lim T'z,, = y, which proves that TX is closed.

(b) T is non-singular (that is, invertible in B(X)) if and only if it is bounded below
and 7™ is one-to-one.

Solution.

Suppose T’ is non-singular. Then

[l]] :( 1T~ y]]

sup

T
g 12l =i
w20 Y|

—1
SIS L - = It > 0. 15
T TR T ) =i (15)

Thus T is bounded below. If z* € ker(T*), then z* o T = T*z* = 0, and therefore
x* = 0 because 1" is onto. Hence T is one-to-one.
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Conversely, suppose T is bounded below and 7™ is one-to-one. By Part (a), TX
is closed and T is one-to-one. If z* € X* satisfies z*(TX) = {0}, this means that
T*xz* = 0, hence * = 0 by hypothesis. Therefore TX = X by Corollary 5.4. Con-
sequently 7' (€ B(X)) is one-to-one and onto, hence invertible in B(X), by Corollary
6.11 (” continuity of the inverse”).

Hilbert adjoint

13. Let X be a Hilbert space, and T : D(T) C X — X a linear operator with dense
domain. The Hilbert adjoint T of T' is defined in a way analogous to that of Exercise
9, through the Riesz representation:

D(T*):={ye X;¢, : 2 = (Tz,y) is continuous on D(T)}.

Since D(T') is dense, given y € D(T™), there exists a unique vector in X, which we
denote by T™y, such that

(Tz,y) = (=, T"y)  (z € D(T)). (16)
Prove:

(a) If T € B(X), then T* € B(X), ||T™*|| = ||T||, T** = T, and (aT)* = @T™ for all
acC Also I"=1.

Solution.

For each y € D(T™*), the continuous linear functional ¢, on the normed space D(T)
has a unique extension as a continuous linear functional on X (cf. Exercise 1, Chapter
4), and there exists therefore a unique vector, denoted Ty, such that ¢,(z) = (z,T*y)
for all € D(T') (cf. Theorem 1.37), which is precisely the identity (16).

If T € B(X), ¢, is continuous on X for all y; thus 7™ is everywhere defined and
clearly linear.
For any 0 # z € X, we get from Schwarz’ inequality

121l = ((1/1[2]1)2,2) < sup [(z, 2)] < [[]],

llz]|=1

that is,

|21 = hrid |(z, 2)] (17)

for all z € X (trivially for z = 0). By the operator norm’s definition, (17) and (16),

IT*][ = sup [[T7y|| = sup |(z,T"y)]
llvli=1 llell=llyll=1
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=sup |(Tz,y)| = sup ||Tz|| = [[T]|

[|z]|=1
In particular 7% € B(X).
Many of the routine verifications to follow depend on the observation that if A, B €
B(X) satisfy (Az,y) = (Bz,y) (or (z,Ay) = (z,By)) for all z,y € X, then A = B
(indeed, taking y = (A—B)z in the identity ((A—B)z,y) = 0, one gets ||[(A—B)z||> = 0
for all z).
By (16), (Tz,y) = (z,T*y) = (T**z,y) for all z,y € X, hence T** =T. If a € C,
(z,aT™*y) = a(z,T*y) = o(Tz,y) = ((eT)z,y) = (z,(aT)*y) for all z,y, hence
(aT)* =aT*. The fact I* = I is trivial.
(b) If 8,7 € B(X), then (S +T)* = §* + T* and (ST)* = T*S*.
Solution. For all z,y € X, we have by (16)
(:L‘, (S+T)*y) = ((S+T)x7y) = (vay)+(Tmay) = (w75*y)+(x7T*y) = (:L‘, (S*+T*)y)’
and therefore (S + T)* = S* + T™* by the observation in Part (a). Also
(z,(ST)*y) = (STz,y) = (Tz,S*y) = (2, T*S™y),

hence (ST)* = T*S*.
(c) T € B(X) is called a normal operator if 7*T = TT*. Prove that T is normal iff

(T2, T*y) = (Tz,Ty) (z,y € X). (18)

Solution.

By the observation in Part (a), 7" is normal iff (T7T*z,y) = (T*Tz,y) for all z,y €
X; by (16), this is equivalent to (18).

(d) If T € B(X) is normal, then ||T*z|| = ||Tz|| and ||T*Tz|| = |[T?z|| for all z € X.
Conclude that |[T*T|| = ||T?|| and ||T2|| = ||T||*.

Solution.

Taking y = = in (18), we get ||T*z|| = ||Tz|| for all z € X. Replacing = by Tz in
this last identity, we obtain ||T*Tz|| = |[T%z||. Hence ||T*T|| = sup| =1 |[T*Tz|| =
SUP)||4(|=1 ||T2z|| = ||T?|| Finally, using Schwarz’ inequality, we get

ITI? = sup |[Tal[? = sup(Te, Tx) = sup(I*T,a)

llz||=1
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<sup ||[T*Tz|| = ||T*T|| = ||T?|] < ||T]]?.
Hence ||T||2 = ||T2||

14. Let X be a Hilbert space, and 7' : D(T) C X — X be a linear operator. T is
symmetric if (T'z,y) = (z,Ty) for all z,y € D(T). Prove that if 7' is symmetric and
everywhere defined, then 7' € B(X) and 7' = T™. (Hint: Corollary 6.13.)

Solution.
We show that a symmetric everywhere defined operator 7" is closed, hence € B(X)

by the Closed Graph theorem (Corollary 6.13). Let z,, € X converge to z and Tz,
converge to y. Then for all z € X,

(y,2) =lim(Tz,,2) =lim(z,,Tz) = (z,T2) = (Tz, 2),

hence y = Tz, and T is indeed closed. By (16), and the symmetry condition, (z,T*y) =
(Tz,y) = (z,Ty) for all z,y € X, hence T* =T (cf. observation in Exercise 13(a)).

15. Let X be a Hilbert space, and B : X x X — C be a sesquilinear form such that
|B(z,y)| < M|z][|lyl| and B(z,z) > m|lz||* (19)

for all z,y € X, for some constants M < oo and m > 0. Prove that there exists a
unique non-singular 7" € B(X) such that B(z,y) = (z,Ty) for all z,y € X. Moreover,

[Tl <M and |77 < 1/m. (20)

(This is the Laz-Milgram theorem.) Hint: apply Theorem 1.37 to get T; show that
R(T) is closed and dense (cf. Theorem 1.36), and apply Corollary 6.11.

Solution.

By (19), B(-,y) is a continuous linear functional on X, for each given y € X. By the
"little” Riesz representation theorem (Theorem 1.37), there exists a unique vector in
X (which we denote by T'y) such that B(z,y) = (x,Ty) for all z (and y). The linearity
of T follows from the uniqueness of the representation and the conjugate linearity of

B(z,-). We have (cf. (17))

||| = || ”Stlllp” ((z, Ty)| = sup |B(z,y)| < M.
r — y =1 -

Thus T € B(X).
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For all  # 0, we have by (19) and Schwarz’ inequality
m|le|® < (z, Tz) < ||Tz||[|z]],

hence -
[Tl
=70 |[[a]]

If T*z = 0 for some z, then m ||z|> < (z,Tz) = (I*z,z) = (0,z) = 0, hence z = 0.

Thus T is bounded below and T™ is one-to-one. By Exercise 12(b) in its Hilbert space

version, 37! € B(X) and ||T~!|| is equal to the reciprocal of the above infimum,
hence is < 1/m.

>m.

16. Let X,Y be normed spaces, and 7' : X — Y be linear. Prove that 7" is an open
map iff TB x(0,1) contains By (0,r) for some 7 > 0. When this is the case, T is onto.

Solution.

If T is an open (linear) map, T'Bx(0,1) is an open neighbourhood of 0 in Y, hence
contains some ball By (0,s). Then for any 0 < r < s,

By(0,r) C By(0,s) C TBx(0,1) C TBx(0,1).

Conversely, suppose the ”balls condition” is satisfied by 7, let V' C X be open, and
let y € TV. Then y = Tz for some z € V, and since V is open, there exists s > 0
such that Bx(z,s) C V. For any 0 < ¢ < s,

z+cBx(0,1) = Bx(z,c) C Bx(z,s) CV,

hence by linearity of T, o
Tz + cT'Bx(0,1) C TV, (21)

and therefore, by the ”balls condition” and (21),
Fy(Tm,cr) =Tz + crﬁy(o, 1)C Tz + CTF)((O, 1) CTV.

This proves that T'V is open in Y, and we conclude that 7' is an open map. In
particular, TX is an open subspace of Y, hence coincides with Y (cf. solution of

Exercise 5(a)).

17. Let X be a Banach space, Y a normed space, and T € B(X,Y). Suppose the
closure of TFX(O, 1) contains some ball Fy((], r). Prove that T is open. (Hint: adapt
the proof of Lemma 2 in the proof of Theorem 6.9, and use Exercise 16.)

Solution.
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Let r be as in the hypothesis. By homogenity of T', for all n = 0,1,2,-- -,
By (0,7/2™*1) C closure <T§X(O, 1/2”+1)). (22)

Claim:
By (0,7/2) C TBx(0,1). (23)

Let y be in the set on the left hand side of (23). By (22) for n = 0, there exists
zg € Bx(0,1/2) such that

ly — Tzol| < /4. (24)

Suppose we have found vectors x5, € Bx(0,1/2*1) (k=0,--- ,n—1, for some n > 1)
such that

ly = T(xo + -+ zna)]| <r/27F (25)

(By (24), this is true for n = 1.) By (25) and (22), there exists z,, € Bx(0,1/2"1)
such that
Iy =Tz + -+ @n1)] = Taa|| < r/2"F2

Thus we obtain inductively a sequence {x,}5, such that ||z,|| < 1/2"t! for n =
0,1, .-, which satisfies (25) for all n > 1. The series ), =% converges in X, since it

converges absolutely (3,5, |lzk|| < > 1/2k+1 = 1) and X is complete (cf. Theorem
6.15). Let = denote the sum of the series. Then ||z|| < >, ||z|| < 1 and by (25) and
the continuity of T’ and of the norm, ||y — Tz|| = 0. Hence y € TBx(0,1), and the
claim is proved.

By Exercise 16, it follows that 7" is open.

18. Let X be a Banach space, and let P € B(X) be such that P> = P. Such an

operator is called a projection. Verify:
(a) I — P is a projection (called the complementary projection).
(Trivial: (I —P)?>=1-2P+P?>=1-P))

(b) The ranges PX and (I — P)X are closed subspaces such that X = PX @ (I —P)X.
Moreover PX = ker(I — P) = {z; Pz = z} and (I — P)X = ker(P).

Solution.

If y € PX, then y = Pz for some z € X, hence Py = P?z = Pz = y (conversely, if
Py =y, then y € PX trivially). Thus

PX={yeX; Py=y}={ye X; (I— P)y=0}=ker(I —P). (26)
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In particular, PX is closed, as the kernel of the continuous operators I — P. Applying
(26) to the projection I — P, we get (I — P)X = ker(I — (I — P)) = ker(P). Finally,
PX N[ — P)X] = [ker({ — P)] N [ker(P)] = {0}.

(c) Conversely, if Y, Z are closed subspaces of X such that X = Y®Z (“complementary
subspaces”), and P : X — Y is defined by P(y + 2) =y forally €Y, 2 € Z, then P
is a projection with PX =Y.

Solution.

Since the representation * = y + z of each x € X (with y € Y and 2z € Z) is
unique (because X = Y @& Z) the operator P is well-defined and linear. We have
P2(y+2)=Py=y=P(y+z2)forally€Y and z € Z. Thus P? = P and P is onto
Y. Suppose y, + 2, = « and P(y, + 2,) = v. Then y,, — v, and therefore v € Y
(since Y is closed). Also z, = (Yyn + 2n) — Yn — « — v, hence z — v € Z (since Z is
closed), and therefore z = v + (x — v) is the unique representation of z according to
the direct sum decompsition X =Y & Z. It follows that Pz = v, which proves that
P : X — X is a closed operator (defined on the Banach space X). By the Closed
Graph theorem (Corollary 6.13), P € B(X), and we conclude that P is a projection,
and PX =Y.

(d) If Y, Z are closed subspaces of X such that Y N Z = {0}, then Y + Z is closed iff
there exists a positive constant ¢ such that

llyl| < clly+z|| forallyeY, z€ Z. (27)

Solution.

IfV =Y @Z is closed, it is a Banach space, and Y, Z are complementary subspaces
of V. Let P be the projection of V onto Y as in Part (c). Since P is bounded, we
have |ly|| = ||P(y + 2)|| < ||P]|||ly + z|| for all y € Y and z € Z, hence (27) is valid
with ¢ = ||P|| > 0if P # 0 (in case P = 0, Y = {0} and (27) is trivial, with ¢ > 0
arbitrary).

Conversely, suppose (27) is valid. Let v, € V converge to x € X. Represent
Up = Yn + 2n With y,, € Y and z, € Z. By (27), ||yn — Um|| < ¢||vn — vm|| = 0 as
n,m — oo. Since Y is a closed subspace of the Banach space X, there exists y € Y
such that y, — y. Hence 2, = v, —y, — ¢ —y. Since Z is closed, it follows that
z —y € Z, and therefore z =y + (z —y) € Y @ Z = V. This proves that V is closed.

19. Let X,Y be Banach spaces, and let {T},},en C B(X,Y) be Cauchy in the s.o.t.
(that is, {T,z} is Cauchy for each z € X). Prove that {7},} is convergent in B(X,Y)
in the strong operator topology.
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Solution.

For each z € X, {T,z} is a Cauchy sequence in the Banach space Y; denote its
limit in Y by Tz. The map z — T’z is linear, by the properties of limits. For each
z in the Banach space X, sup, |[T,z|| < oo. By the Uniform Boundedness theorem
(Corollary 6.5), sup,, ||Tn|| := M < co. Thus ||Thz|| < ||Th]|]||z|| £ M ||z|| for all
z € X. Letting n — oo, we get ||[Tz|| < M ||z|| for all z, that is, T" € B(X), and by
definition, T, — Tz for all z, i.e., T}, — T in the s.o.t.

20. Let X,Y be Banach spaces and 7' € B(X,Y). Prove that T is one-to-one with
closed range iff there exists a positive constant ¢ such that ||Tz|| > c||z|| for all z € X.
In that case, T~! € B(TX, X).

Solution.

The condition on the norms means that 7' is bounded below, and it was shown
in Exercise 12(a) (for the case Y = X, but the same proof applies in general) that
bounded below operators are one-to-one with closed range. Considering then 7T as a
one-to-one and onto operator in B(X,7TX) (with X and 7X Banach spaces), it follows
from Corollary 6.11 that T~! € B(T'X, X).

Conversely, if T is one-to-one with closed range, we just observed that 7! € B(TX, X);
denote its (non-zero!) norm (in B(T'X, X)) by 1/c. Then for all z € X,

clle|l = c|[T~H(Tz)|] < e[|T7H| ||T2]| = [|T||.

21. Let X be a Banach space, and let C' € B(X) be a contraction, that is, ||C|| < 1.
Prove:

(a) e(®~1D) (defined by means of the usual series) is a contraction for all ¢ > 0.
Solution.

For any T' € B(X), the series ) -, 7™ /n! converges absolutely (because ||T™ /n!|| <
IT||"/n! and 3 ||T||"/n! = elTll < c0), and therefore it converges in B(X) (since
B(X) is a Banach space; cf. Theorem 6.15). If S, T' € B(X) commute, one verifies as
in the scalar case that
With S =tC and T = —tI, (28) gives

et(C—I) — e—tIetC — e—tetc (29)

hence |[[et(C—D|| = e~t||e*C|| < e telltCll <1 for all £ > 0.
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(b) |[|C™x — z|| < m||Cz — || for all m € N.
Solution.
For m =1, (b) is an identity. If m > 2,
Cm—I=(C™ ...+ 1)(C-1),
hence
IC™z—z|| = [|(C™ 4+ I)(Caz—z)|| < (ICI" 7+ +1)[|Cz—2]| < m||Cz—=z]].

(c) Let @, := e™¢=D — C™ (n € N). Then

oo

1Qnall < e (n*/KD|CT e — 2] (30)

k=0

for all n € N. Hint: note that C"z = e™" ), (n*/k!)C"z; break the ensuing series for
Q,x into series over kK < n and over k > n.

Solution.

By (29) with t = n,
Qn=e"") (nF/nl)(C*—C™). (31)
k=0
For k < n, we have for all z € X
I(C* = C™)z|| = |C*(z — C™Fa)|| < ||C||*|C"Fz — 2|| < ||C™*2 — 2|
For k > n, we have

1(C* = C™)zll = [|[C™(C* "z — 2)|| < [|CIMIC* e — 2| < [|C* "2 — 2.

Hence

I(C* — o™)al| < [|CFma — g
for all k, and (30) follows then from (31).

(d) [1Qn|| £ Xpsoe ™ (n*/k)k — n|[|Ca — x]|.

Solution.
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This follows trivially from (30) and Part (b).

(e) ||Qnz|| < /n||(C — I)z|| for all n € N. Hint: consider the Poisson probability
measure p (with ”parameter” n) on P(NU {0}), defined by u({k}) = e "n* /k!; apply
Schwarz’ inequality in L?(u) and Part (d) to get the inequality

1 Qnz]| < [[k = nl|L2(||Cz — 2| = Vn||Cz — ]| (32)

Solution. Since p is a probability measure on N U {0}, it follows from Schwarz’ in-
equality that || -||1 < || - ||z on the measure space specified in the hint. By Part

(d),
1Qnll < 11{k = n}alls 102 — 2l] < [I{k = n}ellal|C — o]l

The Poisson distribution with parameter n has the ”expectation” n; its ”standard
deviation” is then ||[{k — n}||2, and is known to be equal to y/n (cf. Example 1.3.9,
page 302).

(f) Let F : [0,00) — B(X) be contraction-valued. For ¢ > 0 fixed, set A, =
(n/t)[F(t/n) — I], n € N. Suppose sup,, ||Anz|| < oo for all z in a dense subspace
D of X. Then

lim ||e*mz — F(t/n)"z|| =0 (33)

n— oo

for all ¢t > 0. Hint: by Part (a), ||e!“"|| < 1, and therefore ||e!4" — F(t/n)"|| < 2. By
Part (e) with C = F(t/n), the limit in (33) is 0 for all z € D.

Solution.
Fix t > 0. For C = F(t/n), we have Q,, = e!4» — F(t/n)". As observed in the hint,
|Qn]| <2 forall n €N, (34)

By Part (e),
1Qnl| < Vnl|[F(t/n) — I]x|| = \%HAMH-

Hence Q,z — 0 for all z € D. By (34) and the density of D in X, it follows that
Qnz — 0 for all z € X (given € > 0 and = € X, pick y € D such that ||z — y|| < €/3,
and let ng be such that ||Q,y|| < €/3 for all n > ng. Then for all n > nyg,

1@nz|| < [|Qn(z — )| + [|@nyll < [|@nll |z —yl| + €/3 <¢).



