CHAPTER 3
MEASURE AND TOPOLOGY

Translations in L?

1. Let LP? be the Lebesgue space on R* with respect to Lebesgue measure. For each
t € R* let
[T(t)f](2) = flz+1)  (f € LP;z e R).

This so-called “translation operator” is a linear isometry of LP onto itself. Prove that
T(t)f — f in LP-norm as t — 0, for each f € L? (1 < p < oo). (Hint: use Corollary
3.21 and an “e/3 argument”.)

Solution.

Fix p € [1,00), f € LP, and € > 0. By Corollary 3.21, there exists g € C.(R*) such
that

1F = gllp <e€/3. (1)

Let K = supp g and
Ki={z+tz €K, [t| <1}.

Since K, is compact, its Lebesgue measure |K;| is finite (and clearly positive). By
uniform continuity of g on the compact set K, there exists § € (0,1) such that

€

lg(z + 1) — g(=)| < 3[KL [/

for all z € K and [t| < 4. Since g(z +t) — g(z) = 0 for z € K7y if |t| < 4, we have

1Tt = sl = [ lata+1) = g@)"da < (e/3) @)

1

for |t| < 6.
We now use the fact that T'(¢) is linear and isometric on L?; by (1) and (2),

IT@)f = flle <T@ = 9)llp + [T(t)g = gllp + llg — fll»

=2||f —gllp +IT(t)g — gll, < €



af
for [t| < 4. Thus T'(t)f — f in LP-norm as ¢t — 0.
Automatic regularity

2. Let X be a locally compact Hausdorff space in which every open set is o-compact
(e.g., an Euclidean space). Then every positive Borel measure A which is finite on
compact sets is regular. (Hint: consider the positive linear functional ¢(f) := [ x fdA.
If (X, M, ) is the associated measure space as in Theorem 3.18, show that A = u on
open sets and use Theorem 3.19.)

Solution.

Let ¢ be as in the hint, let f € C.(X) and K = supp f. Since K is compact,
A(K) < oo by hypothesis, and consequently

fNSAJﬂMSHﬂhMK%<m.

Therefore ¢ is a well defined (positive, linear) functional on C.(X). Let (X, M, p) be
the measure space associated with ¢ as in the Riesz-Markov representation theorem
(Theorem 3.18).

Claim 1. X = p on open sets.

Indeed, let V' C X be open. By the o-compactness hypothesis, there exist compact
sets Q; C V such that Q; C Qi1 and V = JQ;. Let f; € Q(V), with support
Ky, equal 1 on Q) := Q1. Let fo € Q(V), with support K, equal 1 on Q} =
Q1 UKy, etc. (ie., fop1 € Q(V), with support K11, equals 1 on Q). := Q) U Ky).
This inductively constructed sequence {f,} of non-negative continuous (hence Borel)
functions is increasing (fn41 =1 > fn on Q) ., while on the complement of that set,
which is a subset of K, fp41 > 0= f,), and lim f,, = Iy (since |J Q), = V and all the
supports K,, are contained in V). By Theorem 3.18 and the Monotone Convergence
theorem (1.13),

AV) = / Iyd)\ = hm/ frd\ = hm &(fn)

Am/nw /ww:mw

Claim 2. X satisfies Property (4) in Theorem 3.18 for closed sets.
Let ' C X be closed. The o-compactness hypothesis (applied to the open set X)
implies the existence of compact sets Q,, such that Q,, C Q.41 and X =|JQ,,. Then



K, :=FNQ, C F are compact, K,, C K41, and |J K,, = F. Hence, by Lemma 1.10,
A(F) = lim A(K,,), and consequently

A(F)= sup A(K).
KekK;KCF

We now complete the solution of Exercise 2. Let E be any Borel subset of X and
e > 0. By Property (1) of g (cf. Theorem 3.18), E € M. Since X is o-compact, it
follows from Theorem 3.19(1) that there exist F' closed and V' open such that

FCECV; p(V-F)<e

Since V' — F' is open, this means that A(V — F') < € (by Claim 1), hence A(E — F) < e.
Therefore, by Claim 2,

sup ANK)<ANE)=XF)+AE-F)
KekK;KCE

= sup ANK)+AME-F)< sup AK)+e,
KEeK;KCF KeK;KCE

and consequently
ME)= sup  NK) (3)
KekK;KCE
by the arbitrariness of e.
Similarly, with V|, ' as above, we have

A(V) = ME) + AV = E) < ME) + AV — F) < ME) + e.

Hence
A(F)= _inf A 4
(B) = _inf_ \(U) (1)
By (3) and (4), A is regular.
Hardy inequality

3. Let 1 < p < oo, and let LP(R") denote the Lebesgue space for RT := (0, 00) with
respect to the Lebesgue measure. For f € LP(R"), define

(TF)(x) = (1/2) / “fd (e RY).
Prove:

(a) Tf is well defined, and |(T'f)(z)| < 2=/?|| ||,



Solution.

Let z > 0. If f € LP(R"), then f € LP(0,x); since 1 € L(0,z) (where 1/p+1/q =
1), it follows that f = f.1 € L'(0,z) (cf. Theorem 1.26), hence (T'f)(z) is well defined,
and

(@< /a) [ 170l < /o) [ 0o [ ippae

0 0
< MO £l = 2P| £

(b) Denote by D, M, and I the differentiation, multiplication by x, and identity
operators, respectively (on appropriate domains). Verify the identities

MDT =1-T on CHRY), (5)
where multiplication of operators is their composition.
Tl =a [ 1@t ds (®
0
for all f € CF(R"), where q is the conjugate exponent of p. (Hint: integrate by parts.)

Solution.

If f € C.(RY), Tf is well defined, and
(MDTf)(z) = MD[z™" /073 f(t)dt] = M[—m_2 /Oz f(t) dt-i—m_lf(m)] =(I-T)f(z).

This proves (5).
Let f € CF(R*). Then T'f > 0, and (integrating by parts)

ITf|l2 = / (Tf)Pdz

~ [o@n@r) 0 [ e n@r 0T ) do 7)
Let [0, N] be an interval containing the support of f. Then
oTHy =7 [ e <o ([ any o

as £ — 00, since 1 — p < 0. Therefore the first term in (7) vanishes. By (5) and (7),

T2 = —p / (TF)P' MDTf dx = p / (THP~V(Tf - f)de
0 0



=pllrslp - [ frsptaa).
0
Dividing by p and rearranging, we get the identity (6).
©) ITfllp < qllfll,  fe€CHR).
Solution.

By (6) and Holder’s inequality (Theorem 1.24), we obtain (since (p — 1)q = p)
p p—1 = (p—1)g ta
A1 < alAABITE =l =l [ (ryeeaa)

= q|IfI1IITFIIE/ .

If ||Tf||p, # 0, we divide this inequality by ||Tf||£/q and obtain (c) (since p—(p/q) = 1).
If ||Tf|l, = 0, (c) is trivial.

(d) Extend the (Hardy) inequality (c) to all f € LP(R*). (Hint: use Corollary 3.21.)
Solution.
Let f € C.(R*). Applying (c) to |f|, we obtain (since [T'f| < T|f|)
ITflle <N TIfle < dllfll, (f € Co(RT)). (8)

Next, let f € LP(R*). By Corollary 3.21, there exists a sequence {f,} C C.(RT) such
that f, — f in LP-norm. For each z > 0, we have by Part (a)

(Tfa)(2) = (TF)(@)] = [T(fa — H)(@)] < 7P| fu = fllp = 0.

Thus T'f,, — Tf pointwise. By (8) applied to fn, — fm,

||Tfn _Tfm”p = ||T(fn - fm)||P < Qan_ meP -0,

ie, {Tf,} is Cauchy in LP(R*). Let g = lim,, Tf, (in LP-metric; cf. Theorem
1.29). By Lemma 1.30, there exists a subsequence T'f,, converging pointwise almost
everywhere to g. However this subsequence converges pointwise to T'f, as we observed
earlier. It follows that g = T'f (as elements of L?), i.e., Tf, — Tf in LP-norm. Letting
n = o0 in the inequalities || fally < a|lfally (cf. (8)), we obtain [|T ]|y < q]|f]lp, as
wanted.

(e) Show that supg ¢e 1, % = ¢. (Hint: consider the functions f,(z) = z71/PI} ,.)



a1

Solution.

Let f,, be as in the hint. We have

1allo= ([ dofa)” = (ogn)'ie. (9

For 1 <z <n,

(T2)(@) = (o) [ rdt = g7 7).

1

Therefore, by the triangle inequality for norms,

1T fallp 2 1T Fullzrmy = alle™? = 27| o(1,n)

> a[lla™ Pllzscimy — o zoiam] = al( [ dofe)/r = ([ amra)s]

’I’Ll_

—q[(logn)!/7 — ()] 2 g[(logn) P~ /- 117]. (10)

If s denotes the supremum in (e), then by (9) and (10),

1T £l 1
1-— .
*Z hally = dl (o — 1)1ogn]1/p]

Letting n — oo, we get s > ¢. Since s < ¢ by Part (d), we conclude that s = gq.

Absolutely continuous and singular functions

4. Recall that a function f : R — C has bounded variation if its total variation function
vf is bounded, where

vi(z) = St;pz |f(2x) — f2p-1)| < oo,
k

and P = {zy;k = 0,...,n}, zk—1 < Tk, T, = z (the supremum is taken over all such
“partitions” P of (—oo,z]).

The total variation of f is V(f) := supg vy.

It follows from a theorem of Jordan that such a function has a “canonical” (Jordan)
decomposition f = Zi:o i* fi, where f;, are non-decreasing real function. Therefore f
has one sided limits at every point. We say that f is normalized if it is left-continuous

and f(—o0) = 0.



(a) Let p be a complex Borel measure on R. Show that f(z) := p((—o0,z)) is a
normalized function of bounded variation (briefly, f is NBV).

Solution.
Let z ¢ Rand let P: —oo < zg, -+ ,&, = & be a ”"partition” of (—oco,z). Then the
intervals (—o0, o), [®0,21), - ,[®n_1,%n) form a partition of (—oo, ) in the sense of

Definition 1.42. Therefore

D1 k) = fleeal =) lullzr-1,24))| < |ul((—o0,2))
k=1 k

< |pl(R) = [|p]| < oo. (11)
Hence
ve(z) < |pf((—o0,2)) < |lull, (12)
and
V() <|lpll- (13)

Thus, f is BV, and has therefore one-sided limits at every point. To show left-
continuity of f at any z, it suffices to prove that lim, f(z — h,) = f(z) for any
decreasing positive sequence {h,} with lim h,, = 0. For such h,,, we have

[ — hpn,z) C [T — hp_1,2); ﬂ[w—hn,x) = 0.

n

Therefore, by Lemma 1.11,
lm [1](fz = ) = 1(0) = .
Since |f(z) — f(z — hn)| = |p([z — hn, 2))| < |p|([z — hn,z)), we conclude that

f(z = hy) — f(z).

Finally,
f(=o0) = lim f(=n)=lim p((—oc0,—n)).

n— oo

But (—o00,—n) C (—o0,—(n — 1)) and ,,(—o0,—n) = @. Therefore, by Lemma 1.11,
lim,, |p|((—o0, —n)) = 0; hence lim,, u((—oco0,—n)) =0, i.e., f(—o0) = 0. Summing up,

f is NBV.

(b) Conversely, if f is NBV and p is the corresponding Lebesgue-Stieltjes measure
(constructed through the Jordan decomposition of f as in Chapter 2, with left conti-
nuity replacing right continuity), then p (restricted to B := B(R)) is a complex Borel



measure such that f(z) = p((—o0,z)) for all x € R. (Also ve(z) = |u|((—o0,z)) and
V() = llull.)

Solution.

Iff= 22:0 i* f1. is the Jordan decomposition of f with f; real non-decreasing left-
continuous functions such that fix(—oco) = 0, and g are the corresponding positive
Borel measures, then p:= 5", i .

The measures puj satisfy (cf. page 65, with the appropriate change)

pr([a,b)) = fu(b) — fe(a);  —oco<a<b< oo

Therefore p([a,b)) = f(b)—f(a) for all a, b as above. Write (—oo,z) = U{n;_n<$}[—n, z).
Since [—n,z) C [-(n + 1),z), Lemma 1.10 implies that

pi((—00, @) = lim i ([, 2)) = lim[fi() — fi(~n)] = flx),

and therefore p((—oo,z)) = f(z).

By Part (a) (cf. (12)), this last relation implies that v¢(z) < |p|((—o0,z)) for all
x € R. In order to prove the reverse inequality, we shall use the Riesz representation
theorem (4.9) as a shortcut.

Observe that |u| is regular (by Exercise 2); therefore p is regular by definition. Consider
the continuous linear functional ¢ on C.((—o0,z)) defined by

#(h) = /(_Oo m)hd,u; h € Cc((—o0,z)).

By uniqueness of the representating regular measure for ¢, we know from Theorem
4,9 that |u|((—oo,z)) = ||¢||, where the right hand side in the norm of the functional,

that is,
/ hdu‘.
(_Oovm)

By Exercise 7(h) in Chapter 2, the last supremum remains unchanged when we let h
vary over the complex step functions on (—oo,z) with ||h||, < 1, that is, over all h of
the form

191 = Sup
ReC((—c0,2)); [|Al]. <1

h= chflmk_l,:ck); ck €C, | <1,
k

where {z} is a "partition” of (—oo,z). For such h, we have

[ k| =[S el - ]| £ 1) - Fein)] < vsle)
(—o0,z) 3

k



Hence

|1l (=00, 2)) = [|9]] < vs(),

and the equality |u|((—o0,z)) = vs(z) (for all z € R) follows. Consequently (cf.
Lemma 1.10)

V(f) = sup vi(z) = sup |l (=00, 2)) = |u|(R) = [|u]].

(c) f: R — Cis absolutely continuous if for each € > 0 there exists § > 0 such that
whenever {(ag,br); k = 1,...,n} is a finite family of disjoint intervals of total length
< 8, we have Y, |f(br)— f(ax)| < e. If f is NBV and p is the Borel measure associated
to f as in Part (b), then p << m iff f is absolutely continuous. Cf. Theorem 3.28
and Exercise 8(f) in Chapter 1.(m denotes the Lebesgue measure on R, and also its
restriction to the Borel sets on R.)

Solution.

Taking n = 1 in the definition of absolute continuity, we see that if f is AC, then
it is (uniformly) continuous on R. If f is also NBV and p is the associated measure,
then for any a,b € R with a < b,

#((a,b)) = f(b) — f(a). (14)

Indeed, write (a,b) as the union of the intervals I,, = [a+ 1/n,b). Since I,, C I,41, We
have px((a,b)) = lim,, pi(l,) for k =0,---,3 (cf. Lemma 1.10), hence

((a,b)) = lim (1) = kim[f(8) - f(a+1/n)] = (b) - f(a)

by the continuity of f at a.

Let f be NBV and AC. Suppose E is a Borel set on R such that m(E) = 0, and let
e > 0. Let 6 > 0 be associated with €/2 as in the definition of absolute continuity.
Since m is regular, there exists an open set V' such that £ C V and m(V) < §. Let
W be any open set such that £ C W C V. Write W as the countable union of the
disjoint intervals (ag, bx) (any open set on R can be written in this form!). For any n,

o0

Z(bk — ak) < (bk — ak) = m(W) < m(V) < 4.

Hence

Do 1f (o) — flaw)| < €/2
k=1



for all n, and therefore
Z flar)| < €/2.

Consequently (by (14))

W) =1 wl(an, b)) <O |u((ak, br))|
k=1 k
—Z|f bk ak |<e/2 (15)

Since || is regular (cf. Exercise 2), we can choose W such that

(W) < ul(E) + ¢/2.

Then
(W — E)| < |u|(W — E) = |u|(W) — [u|(E) < €/2,
and therefore (by (15))

[W(E)| = |p(W) = w(W — E)| < |p(W)] + |w(W — E)| <e.
Hence p(E) = 0 by the arbitrariness of e. This proves that if f is AC, then u << m.

Conversely, suppose p << m. Then |u| << m (cf. Exercise 8(d), Chapter 1). By
Exercise 8(f) in Chapter 1, given € > 0, there exists § > 0 such that whenever F is
a Borel set with m(E) < 6, one has |u|(E) < €. If (ak,br), K =1,--- ,n, are disjoint
intervals with total length < 4, take F to be their union. Then

m(E) =) m((ar,br)) = ) _(br — ar) <6,

and therefore (by (14))

D15 k) = flan)l =Y Ip((aw, bo)l < D |ul((ar, b)) = |u|(E) < €
k k

k

This proves that f is AC.

(d) Let h € L' := LY(R), f(z) = [°_h(t)dt, and pu(E) = [, h(t)dt (E € B).
Conclude from Parts (a) and (c) that f is absolutely contlnuous and D,u = h m-a.e.
(Cf. Theorem 3.28.)



Solution.

Clearly f and p are associated as in Part (a), and p << m. By Part (c), f is
AC (absolutely continuous). By definition, h = du/dm = dp,/dm = Dp m-a.e. (cf.
Theorem 3.28).

(e) Let p and f be as in Part (a), and let € R be fixed. Show that (Dpu)(z) exists iff
f'(z) exists, and in that case f'(z) = (Du)(z). In particular, if g L m, then f'(z) =0
m-a.e. (such a function is called a singular function).(Cf. Theorem 3.28.)

Solution.

It suffices to consider real 1 (and f).
Let a,b € R, a < b. The intervals I,, = (a — 1/n,b) (n € N) satisfy I,+1 C I, and
N I. = [a,b) Therefore, by Lemma 1.11 applied to p* and pu~,

(la,b)) = lim p((a — 1/n,b)). (16)

Similarly, the intervals J, = [a + 1/n,b) (with n € N large enough) satisfy J,, C Jp41
and J J,, = (a,b). Therefore, by Lemma 1.10 (applied to u* and p~),

u((a,8)) = lim p([a +1/n,b)). (17)

Suppose (Dp)(z) exists for some z € R. Let 0 < h < r. For n € N large enough,
h+1/n < r,ie, the open interval (z — 1/n,z 4+ h) around z has diameter < r, hence

p((a,b)) p((z —1/n,z + h))
z€(a,b);8((a,0))<r m((a,b)) = m((z — 1/n,z + h))

< <sup(--+),

where the sup applies to the same set of numbers as the inf above. Letting n — oo,
we get from (16) that

inf(-+) < K™ ([, 2 4+ ) < sup(--)
that is,
inf(--+) < h=[f(o+ k) — f(2)] < sup(---). (18)

When r — 0, the end sides of (18) converge to (Dp)(z) (by hypothesis). Hence the
right derivative of f at z, f} (z), exists and equals (Dp)(z). An analogous argument
shows that the left derivative f’ (x) exists and equals (Dp)(z). Hence f'(z) exists and

equals (Dp)(z).

Conversely, suppose f’(z) exists. Given € > 0, there exists 7 > 0 such that whenever
a<zx<bandb—a<n,

(b—=z)[f'(z) — €] < f(b) — f(x) < (b—z)[f'(z) + €]



o

and

(z —a)[f'(z) — ] < f(z) = f(a) < (z = a)[f'(x) + €]
Adding, we get

(b—a)[f'(z) — €] < f(b) — fla) < (b— a)[f'(z) + ],
that is

p([a, b))
b—a

fl(z)—e< < fl(z)+e

whenever b — a < 7. For such a < b, also a + 1/n < b (for n large enough) and
b—(a+1/n)<mn, so that

pla+1/n,b))

@) = e < s 1/m)

< fl(z) +e
Letting n — oo, it follows from (17) that
fl(z)—€e< M < fl(z)+e
whenever a < z < b and b — a < n. For any r such that 0 < r < n, we then get

fl(e) —e< inf M <sup(-+) < f/(z) +e

~—

Letting » — 0, we conclude that
f'() —e < (Df)(x) < (Df)(z) < f'(z) + e
Since € is arbitrary, it follows that (D f)(z) exists and is equal to f'(z).

(f) With h and f as in Part (d), conclude from Parts (d) and (e) (and Theorem 3.28)
that f' = h m-a.e.

Solution.

If h, f, and p are as in Part (d), then f and p are related as in Part (a) and p << m.
By Part (d), Dpu = h m-a.e.. By Part (e), this means that f’ = h m-a.e.

(g) If f is NBV, show that f’ exists m-a.e. andisin L', and f(z) = fs(z)+ [ __ f'(t)dt
where f; is a singular NBV function. (Apply Parts (b), (e), and (f), and the Lebesgue
decomposition.)



Solution.

Let f be NBV, let u be associated to f as in Part (b). By the Lebesgue-Radon-
Nikodym theorem (1.45), we have the unique (Lebesgue) decomposition

= s+ fa; He L, pa << m, (19)

and

ja(E) = /E him  (E € B) (20)

for a unique h € L'(m) (also denoted du,/dm, the ”Radon-Nikodym derivative” of y,
with respect to m).

By Part (b), f and u are related as in Part (a). We define fs(z) = pus((—o0,z)) and
fa(z) = pa((—00,z)). Then fs and f, are NBV and by (19)

f:fs+fa (21)

and

fulz) = / " hydt  (zeR). (22)

— 00

By Part (e), fs is a singular function. By Part (f), (21), and (22), h = f. = f’ m-a.e.
(since fs =0 m-a.e.), and the wanted conclusion follows from (21) and (22).

Cantor functions

5. Let {rn}s2, be a positive decreasing sequence with 7o = 1. Denote r = lim,, 7,.
Let Cy = [0,1], and for n € N, let C,, be the union of the 2" disjoint closed intervals of
length r, /2™ obtained by removing open intervals at the center of the 2"~! intervals
comprising C,,_1 (note that the removed intervals have length (r, 1 —r,)/2""! > 0

and m(C,) =r,). Let C =, Cy.
(a) C is a compact set of Lebesgue measure .
Solution.
The set C,, is the disjoint union of 2™ closed intervals J,. Hence C,, is closed.
Therefore C' := () Cy, is closed and bounded (C [0, 1]), hence compact.
Assume that the 277! intervals of C,,_; have length r,_;/(2"~!). When we remove

from each of these intervals a central open interval of length (r,_; —r,)/(2"71), we
obtain the 2 x 2"~ = 2" intervals of C,,, each of length

(1/2) [raet /(277) = (rna = 1) /(2°71)] = 7/ (27).



Since the assumption is clearly valid for n = 1, it is valid for all n (by induction).
Therefore m(C,) = 2™ x r,/(2") = r,. We have C,, C C,_1 C [0,1]. Therefore, by
Lemma 1.11, m(C) = lim,, m(C,) = limr, = 7.

(b) Let g, = r; I, and fu(x fo gn(t)dt. Then f, is continuous, non-decreasing,
constant on each open 1nterval comprising CS, f,(0) =0, f,(1) =1, and f,, converge
uniformly in [0,1] to some function f. The function f is continuous, non-decreasing,
has range equal to [0,1], and f' = 0 on C°. (In particular, if r = 0, f' = 0 m-a.e.,
but f is mot constant. Such so-called Cantor functions are examples of continuous
non-decreasing non-constant singular functions.)

Solution.

Since g, is an integrable non-negative Borel function, f,, is absolutely continuous

(cf. Exercise 4(d)), hence continuous, and non-decreasing; f,(0) = 0, and f,(1) =

rim(C,) = 1. The set C¢ := Cy — C,, is the finite disjoint union of open intervals

n
O;, on which g,, vanishes; therefore f, is constant on each O;.

Each interval J of C,, contributes two such intervals J’ of C,,11, hence

/ Gnrdt =2r 1 ym(J) = 2r, L rpqq /20T = 1/27
J

— o m(J) = /J gndt. (23)

If z € C¢, there exists an index set H(z) such that J, C (0,z) iff ¥ € H(z) and
Jr C (z,1] for the remaining indices. Therefore, by (23),

Z / Z / Int1(t)dt = fny1(z) (xeCq). (24
heH() " 7k keH(z) "k
If x € C),, we have a unique interval J* of (), which contains . For all other intervals

J of C,, contained in [0,z], [, gnt1dt = [, gndt by (23). Therefore (since g,, > 0, and
using (23))

|[fat1(z) = fal2)] = | (gnt1 = gn)dt|
J*N[0,z]
< / gni1dt +/ gndt = 1/2771 (z € Cp). (25)
By (24) and (25),

|[frsr(@) = fulx)] < 1/2°70 (2 €[0,1]).



Hence the series

fo+ > (fas1 — fa)
n=0

converges uniformly on [0, 1]; equivalently, f,, converge uniformly on [0, 1] to some func-
tion f. By the relevant properties of f,, the function f is continuous, non-decreasing,
f(0) = 0, and f(1) = 1 (therefore f has the range [0,1], by the intermediate value
theorem for continuous functions).

Ifx € C°=U,Cs, and ng € Nis such that « € Cf; , then z € Cj, for all n > ng, and
it follows from (24) that f(x) = fy,(z). If O; be the unique open interval in Cy, such
that = € Oy, then f = f,,, on O;, and we saw before that f,; is constant on O;; hence
f is constant on an open neighborhood of x. This shows that f/ =0 on C°. If r =0,
we have m(C) = 0, and therefore f’ = 0 m-a.e.

Semi-continuity

6. Let X be a topological space. A function f : X — R is lower semi-continuous
(Ls.c.) if [f > c] is open for all real ¢; f is upper semi-continuous (u.s.c.) if [f < c] is
open for all real ¢. Prove:

(a) f is continuous iff it is both l.s.c. and u.s.c.

Solution.

Suppose f is continuous. Since (¢, 00| and [—o0, ¢) are open sets in R for all real c,
it follows that [f > ¢] = f~!((c,00]) and [f < ¢] = f~!([—00,¢)) are open for all ¢, so
that f is both l.s.c. and u.s.c. Conversely, if f is both l.s.c. and u.s.c., then for all real
a<b,

7 ((a,0)) = £ ([=00,b) N (a,00]) = [f7H([~00,0))] N [f~*((a, o0])]
is open. Since every open set V in R is the (countable) union of intervals of the form
(a,b), (c,00], and [~o00,¢), it follows that f~1(V) is open for every open V C R, so

that f is continuous.

(b) If f is L.s.c. (u.s.c.) and a is a positive constant, then af is l.s.c. (u.s.c., respec-
tively). Also —f is u.s.c. (Ls.c., respectively).

(Solution: trivial.)
(c) If f,g are Ls.c. (u.s.c.), then f + g is Ls.c. (u.s.c., respectively).

Solution.
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(We need of course to assume that f + g is well defined, that is f and g do not
assume opposite infinite value at any point.)
Let ¢ € R. For any a € R, if f(z) > a and g(z) > ¢ — a, then (f + g)(z) > c¢. Hence

U (U>anlg>c-a) clf+g> (26)

a€ER

On the other hand, if f(z) + g(z) > ¢ (i.e., f(z) > ¢ — g(z)), choose any a such that
f(z) >a>c—g(x). Then z € [f > a]N[g > ¢ — a] (for our choice of a). This shows
that equality holds in (26).

Suppose now that f and g are L.s.c. Then by the equality (26) the sets [f + g > | are
open for all ¢, i.e., f + g is Ls.c.

If f and g are u.s.c., then —f and —g are l.s.c. (by Part (b)). Hence (—f) + (—g) is
l.s.c., and therefore f + g is u.s.c. (by Part (b)).

(d) The supremum (infimum) of any family of l.s.c. (u.s.c.) functions is Ls.c. (u.s.c.,
respectively).

Solution.

Let {fa; @ € J} be a family of l.s.c. functions, and let f = sup f,. For any real ¢,

[f>d=Jlfa>d

a€J

is open, hence f is l.s.c.

If all f, are u.s.c, then —f, are lLs.c. by Part (b). Hence sup(—f,) is Ls.c., and
therefore inf f, = —sup(—f4) is u.s.c.

(e) If {fn} is a sequence of non-negative l.s.c. functions, then f:=3" _ f, is Ls.c.
Solution.

By Part (c) and induction,the partial sums s, of the series are l.s.c. Since the
summands are non-negative, the sequence {s,} is non-decreasing, and therefore f =
sup,, S», and consequently f is l.s.c. by Part (d).

(f) The indicator I4 is l.s.c. (u.s.c.) iff A C X is open (closed, respectively).

Solution.

Let ¢ € R. Then [I4 > c]isequal to X, A,or D iff c<0,0<ec<1,0rc>1,
respectively. Therefore [I4 > ¢] is open for all ¢ iff A is open. Equivalently, 4 is Ls.c.



iff A is open.

Similarly, [I4 < c] is equal to ), A, or X iff c < 0,0 < ¢ < 1, or ¢ > 1, respectively.
Therefore [[4 < c] is open for all ¢ iff A° is open. Equivalently, I4 is u.s.c. iff A is
closed.

7. Let (X, M, i) be a positive measure space as in the Riesz-Markov theorem.

(a) Let 0 < f € L'(u) and € > 0. Represent f = E;oﬂ c;Ig, as in Exercise 15, Chapter
1, and choose K; compact and V; open such that K; C E; C V; and pu(V; — K;) <
€/(c;2911). Fix n such that > isn Ci(Ej) < €/2 and define u = 7%, ¢;Ix; and
v = Z;il cjly,. Prove that wis us.c., visls.c, u < f <w, and [, (v—u)dp <e.

Solution.

(Note that v — u = v 4+ (—u) is L.s.c. by Exercise 6. It is therefore a (non-negative)
Borel function, since l.s.c. and u.s.c. functions are Borel, by definition and Lemma
1.4, although this fact is obvious for the explicitly given function v — u. In particular,
the integral fX(v — u) dpu makes sense, cf. 3.18 (1).)

Since f € L'(u), we have necessarily u(E;) < oo (cf. Exercise 15, Chapter 1), and
therefore, by the properties (3) and (4)(ii) of the measure space in Theorem 3.18, sets
K; and V; as above do exist.

Since ), c;u(Ej) = [x fdp < oo, there exists n as above.

The sets K; are compact, hence closed (since X is Hausdorff). Therefore c;Ix, are
us.c. (by Exercise 6, Parts (f) and (b)). Hence u is u.s.c., by Exercise 6, Part (c)
(and induction). By Exercise 6, Part (f), (b), and (e) (in this order), v is Ls.c. Since
K; C E; CVj, we have Ig; < Ig; < Iy, for all 7, and therefore u < f < v. Also

n

[ o= w)di = Y eV = ) + 3 equlVi). (27)
X i=1 i>n
Each summand in the first sum is < €/(27%!). Since
(V) = w(E;) + p(Vy — Ej) < u(Ej) + €/ (¢;27%1),
it follows from (27) that
/ (v —u)dp <Y e;n(By)+ ) ¢/(27F) <e/2+¢/2=c
X i>n j=1

(b) Generalize the above conclusion to any real function f € L!'(u). (This is the
Vitali-Caratheodory theorem.) (Hint: Exercise 6.)



Solution.

Let f € L'(u) be real and € > 0. By Part (a) for the non-negative functions
ft, f~ € Ll(u), there exist u.s.c. functions u; and ls.c. function v; (j = 1,2) such
that

ur <P <oy up < FT <y (28)

[ wi—wdu<ez (=12 (29)

By (28), —va < —f~ < —ug; adding these inequalities with the first inequalities in
(28), we get
u< f<u,

where u := u; + (—vg) is u.s.c. by Exercise 6, Parts (b) and (c); v := vy + (—us) is
Ls.c. (same reference), and by (29)

/X(v—u)dMZ/X(vl —ul)du+/X(v2—u2)du<e.

Fundamental theorem of calculus

8. Let f : [a,b] — R be differentiable at every point of [a,b], and suppose f’ € L! :=
L'([a,b]) (with respect to Lebesgue measure dt). Denote f: f'(t)dt = ¢ and fix € > 0.
By Exercise 7 above, there exists v l.s.c. such that ' < v and f:v dt < c+e. Fixa
constant r > 0 such that r(b—a) < c+e— f:vdt, and let g = v+ r. Observe that g is

ls.c., g > f’, and f;gdt < ¢+ €. By the l.s.c. property of g and the differentiability
of f, we may associate to each z € [a,b) a number §(z) such that g(t) > f'(z) and

f(t) = flz) < (t—z)[f'(z) + € for all t € (z,z + é(x)).

Define N
Fa)= [ alt)dt = £(@) + fla) + (o = o).

( F is clearly continuous and F(a) =0.)
(a) Show that F(t) > F(xz) for all t € (z,z + §(z)).
Solution.

Let z € [a,b) and s € (z,z+0(z)). Then g(t) > f'(z) fort € [z,s] and f(s)— f(z) <
(s —z)f'(z) + €(s — z). Therefore

P(s) - Fa) = [ Cglt)dt — [f(s) — f(@)] + (s — x) > / fle)dt— (s —2)f () = 0.



(b) Conclude that F(b) > 0, and consequently f(b) — f(a) < ¢+ €(1+b—a). Hence
f(b) = fla) <c

Solution.
Since F' is continuous, the set [F' = 0] is closed (and C [a,b]), hence compact
and non-empty (it contains a). Let zy := max[F' = 0] (the maximum exists by

compactness). Thus F(zo) = 0. Suppose ¢ < b. By Part (a), F(x) > F(z¢) = 0 for
all z € (zg,z0 + 6(zo)). Fix z; in the latter interval. If F(b) < 0, the intermediate
value theorem for the continuous function F' implies the existence of x5, 1 < 29 < b,
such that F(z5) = 0, contradicting the maximality of z¢ in [F' = 0]. Thus F(b) > 0
(under the assumption zo < b, and trivially if 29 = b, since then F(b) = 0).

Now
b

0 < F(b) :/ gdt — £(b) + f(a) + c(b — a)

<c—f(b)+ f(a)+ €(1 +b—a),

and the wanted conclusions follow.

(c) Conclude that f: f(t)dt = f(b) — f(a). (Hint: replace f by —f in the conclusion
of Part (b).)

Solution.

Replace f by —f (so that ¢ is replaced by —c¢). By Part (b), —f(b) + f(a) < —¢,
ie., f(b) — f(a) > c. Together with Part (b) for f, this implies the wanted equality.

Approximation almost everywhere by continuous functions

9. Let (X, M,pu) be a positive measure space as in the Riesz-Markov theorem. Let
f + X — C be a bounded measurable function vanishing outside some measurable
set of finite measure. Prove that there exists a sequence {g,} C C.(X) such that
llgnlle < ||f]le and g» — f almost everywhere. (Hint: Lusin and Exercise 16 of
Chapter 1.)

Solution.

By Lusin’s theorem (Theorem 3.20) with e = 1/2", n = 1,2,---, there exist func-
tions g, € Co(X) such that ||g,||. < ||f||lw and p([gn # f]) < 1/2™. Let E,, = [gn # f].

Then Y pu(E,) < co. Therefore, b;Exercise 16, Chapter 1 , almost all z € X lie in at
most finitely many FE,,. Fix any such x, and let ny,--- ,n, be the indices n for which

x € E,. Let ng = ng(z) = max;<j<pnj. If n > ng, we have necessarily = € EZ, that



is, gn(z) = f(z). Hence lim, g,(z) = f(z). Since this is true for almost all z, we
conclude that g, — f a.e.

(Clearly, f € L'(p); therefore, by Corollary 3.22, there exists a sequence {h,} C C.(X)
that converges to f almost everywhere. However the property ||An||. < ||f]|« is not
garanteed.)



