CHAPTER 1
MEASURES

1. Let (X, A, i) be a positive measure space, and let f be a non-negative measurable
function on X. Let F :=[f < 1]. Prove

(a) p(E) =lim, [, exp(—f")dp.
Solution.

On the set F, the non-negative sequence {f"} is decreasing and has limit 0. There-
fore {exp(—f")} restricted to E is a monotonically increasing sequence of positive
measurable functions, with limit equal to 1. By the Monotone Convergence theorem
(1.13),

1ip/Eexp(—f”)du - /Eld“: u(E).
(b) Yoy [ £y = [plf /(1= f)ldp.
Solution.

The series Y ., f™ of non-negative measurable functions converges on E to the
non-negative measurable function f/(1 — f). By the Beppo Levi theorem (1.16),

[ra-na= [ Sra=% [ i

2. Let (X, A, p) be a positive measure space, and let p,g be conjugate exponents.
Prove that the map [f,g] € LP(u) x L) — fg € L*(u) is continuous.

Solution.
Write LP for LP(u). If [f,g] € LP x L9, then fg € L' (by Theorem 1.33), so that

the map [f,g] — fg indeed maps LP x L9 into L'. If [f,g], [h, k] € LP x LY, then by
Holder’s inequality (Theorem 1.33),

1fg = hElly = [I(f = h)g + h(g = F)llx < [I(F = R)glls + [Ih(g — F)llx
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< |If = hllpllgllg + [1hllpllg = Fllq- (1)

When [f,g] — [h, k] in LP x L9, we have ||f —h||, — 0 and ||g—k||; — 0. In particular
llgll¢ = ||%||q (by continuity of the norm). Therefore the expression in (1) has the
limit 0.]|%||, + ||2||p-0 = O.

k

3. Let (X,A,u) be a positive measure space, f, : X — C measurable functions
converging pointwise to f, and h : C — C continuous and bounded. Prove that

lim, [, h(fn)dp = [, h(f)dp for each E € A with finite measure.
Solution.

The functions h(f,) are measurable complex functions (cf. Lemma 1.6), and have
pointwise limit h(f), by continuity of h. If M is a bound for |h| and E € A has finite
measure, then

|h(fu) 1| = |h(f2) e < M Ig € L' ().
By the Dominated Convergence theorem (1.20),

lim /E h(f) dpt = lim /X h(Fa) I dpt = /X h(F)Tn du = / h(F) dp.

E

4. Let (X, A, ) be a positive measure space, and B C A be a o-finite o-algebra. If
feL'(A):= L'(X, A, ), consider the complex measure on B defined by

Af(E) = /Ede (E € B).

Prove:
(a) There exists a unique element Pf € L'(B) := L'(X, B, u) such that

ME) = [ (PHau (B eB)
Solution.

Note first that since each f € L'(A) can be written as Ys_, i* fx with fi € L'(A)

non-negative, it follows that
3

Af = Zik)‘fkv (2)

k=0

and Ay, is a finite positive measure (cf. Theorem 1.17). Hence Ay is a complex measure,
and A\f << p. If (X,B,p) (with B C A a o-algebra) is o-finite, the Radon-Nikodym
theorem (cf. 1.41, 1.45) implies the existence of a unique h € L*(B) such that

)\f(E):/Ehd,u (E € B). (3)
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Define Pf = h. Note that Pf > 0 (a.e.) if f > 0 (apply 1.38 on the o-finite measure
space (X, B, p)).

(b) The map P : f — Pf is a linear continuous map of L'(.A) onto the subspace L'(B),

such that P2 = P (P? denotes the composition of P with itself). In particular, L'(B)
is a closed subspace of L!(A).

Solution.

Linearity of P. If f,g € L'(A) and a,b € C, then for all £ € B

Norsin () i= [

E

(af+bg)du=a/Efdu+b/Egdu

:a)\f(E)-{—b)\g(E):a/ Pfd,u-l—b/ Pgdp
E E

= / (aPf + bPg)dp.
E

The uniqueness of the representation (3) and the definition of P imply that P(af +
bg) = aPf + bPg.

Writing f = Ei:o i* fi, as above, it follows from the linearity of P and the relations
Pfi. >0 (a.e.) and [, fredp < || f[|z1(a), that

3
1PfllLr(s) = ||Zikpfk||L1(B) < Z [P frl|lz (B)
k=0 k

:zk:/)(pfkdﬂzzk:)\fk(X)zzk:/kaduS‘lllfllLl(A)-

This inequality implies the continuity of P (||Pf — Pgl||p1 sy = ||P(f — 9)llzrs) <
4(|f — gllzr(a) for all f,g € L'(A)).

If h € LY(B), surely h € L'(A) (B-measurability implies .A-measurability, because
B C A, etc.), and since A, (E) = [, hdp (for all E € B) by definition, with h € L'(B),
it follows from the uniqueness of the representation (3) and the definition of P that
Ph = h. Thus P is onto L*(B). For any f € L'(A), since h := Pf € L'(B), we have
P2(f) = Ph = h = Pf, that is, P?> = P.

Suppose h,, € L'(B), and h,, — h in L'(A). By continuity of P (and since Ph,, =
h,, as observed above), h,, = Ph, — Ph € L'(B) (convergence in L'(B), hence in
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L'(A)). By uniqueness of the limit, it follows that h = Ph, that is, h € L'(B). This
shows that L1(B) is a closed subspace of L(A).

5. Let (X, A, ) be a finite positive measure space and f,, € LP(u) for all n € N (for
some p € [1,00)). Suppose there exists a measurable function f : X — C such that
sup,, supx |fn — f| < oo and f,, — f in measure. Prove that f € L?(p) and f, — f in
LP-norm.

Solution.

By hypothesis, there exists a finite positive constant M such that |f,— f| < M on X
for all n. Hence ||f, — f||, < Mu(X)/P < oo, and therefore f = (f — f,,)+ fn € LP(p).

Given € > 0, we have

n = 11l = </[Ifn—fl<e] " /[Ifn—flze] ) n =

< fu(X) + MPu([|fn — f1 2> €]).

Since f,, — f in measure, we obtain
limsup || fn — f| < P u(X).
n

The arbitrariness of € implies that lim sup,, || f,— f|[5 = 0, and therefore || f,, — ||, — 0
as n — o0.

6. Let A and u be positive o-finite measures on the measurable space (X,.4). State
and prove a version of the Lebesgue-Radon-Nikodym theorem for this situation.

Solution.

Since A is a o-finite positive measure on the measurable space (X,.A), there exist
mutually disjoint sets X, € A (k = 1,2,...), such that A(X}) < o0 and X = [, X&.
Fix k, and denote

AN Xy = {EﬂXk; E e .A}

The positive measure space (X, ANXy, i) is o-finite, and A is a finite positive measure
on (Xg, ANXy). By the Lebesgue-Radon-Nikodym theorem (1.40), we have the unique
decomposition

A = ok + sk (4)
ANXy
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with A, and A, finite positive measures on (X, A N Xi) that are absolutely con-
tinuous and singular (respectively) with respect to the restriction of u to AN X.
Also there exists a unique hg € L*(X, AN X, p) such that

Aa,k(G):/thdu (G € AN X). (5)

We now define for any F € A

Xa(E) = Aapl(E N Xy), (6)
k
Ae(B) = Ap(EN Xy), (7)

and we let h be the function on X which is equal to hy on Xj.

A direct calculation with double series of non-negative terms shows that A\, and A,
are positive measures on (X,.A), and by (4), for all E € A,

Aa(E) + X(E) =Y [Mapl(E N Xg) + A (E N X))

k
=Y MENXy) = \E),
k
that is,
A=Ag+ As. (8)

If u(E) =0 for some E € A, then u(E N Xy) = 0 for all k, hence A, (E N Xy) = 0 for
all k, and therefore A,(E) =0 by (6). Thus A\, << p.

Since A is singular with respect to the restriction of u to A N Xy, there exists a
p-null set By, € AN X, which carries A, ;. Let B be the p-null set B = J, By. For
all E € A,

A(E) =Y Ap(ENXk) =Y Aei(ENBy)
k k
=Y Ak(ENBNX;)=A(ENB),

that is, A; is carried by the p-null set B. Thus As L pu.

(Uniqueness of the decomposition (8): the proof given in the text does not depend on
the finiteness of the measure \.)
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By the averages lemma (1.38), hy > 0 a.e. with respect to the restriction of u to
AN Xk, and since hj, is only determined a.e., we may assume that hg > 0. Then h is
a non-negative A-measurable function on X (so the integrals [ g hdp make sense for

all E € A), and by (5) and (6)

hdp = / hdu = / hi du
/E ; ENXy ; ENXy

= Xak(ENXp) = Xa(E).

This identity determines h uniquely (a.e.) on each X, hence (a.e.) on X. (Note that
h is o-integrable, in the sense that X is the disjoint union of countably many X € A,
such that h|x, € L'(Xk, AN Xk, 1), K =1,2,....) Collecting from the above discussion,
we obtain the following version of the Lebesgue-Radon-Nikodym theorem for o-finite
positive measures A, u:

Let X\, u be o-finite positive measures on the measurable space (X, A). Then
(a) X has the unique decomposition
A= )\a + )‘57

with A\, and A o-finite positive measures on (X, A), respectively absolutely continuous
and singular with respect to u;

(b) there exists a unique (up to p-equivalence) non-negative o-integrable function h on
X such that

Aa(E):/Ehd,u (E € A).

7. Let {\,} be a sequence of complex measures on the measurable space (X,.4) such
that >~ ||An|| < co. Prove

(a) For each E € A, the series > A,(E) converges absolutely in C and defines a
complex measure \; the series Y |A,|(E) converges in RY, and defines a finite positive
measure o, and A << 0.

Solution.
For all E € A, we have (cf. 1.43 and 1.44)

An(B)] < [Anl(B) < [An|(X) = [[Anll. (9)
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Since Y ||An|| < oo, it follows that > A,(E) converges absolutely. Set A(E) :=
SA(E), Ec€A
Let Ej € A be mutually disjoint (kK =1,2,...), and let E be their union. We have

YN P E) < S IAl(ED) = Y Aal(E) < Y 1Al < oo,

Thus ) > . An(Fk) converges absolutely, and therefore its summation order may be
interchanged. Hence

AE) =D Aa(B) =D MalBr) =D AalEr) = A(Ex).

This proves that A is a (complex) measure.

By (9) and the hypothesis Y ||An|| < oo, the series > |A,|(E) converges for each
E € A. Denoting its sum by o(E), we obtain a finite positive measure (the o-additivity
is proved as above, using the fact that |\, | are measures; the double series involved
has non-negative terms, so that the change of summation order is trivial).

If E € Ais o-null, necessarily |A,|(E) = 0 for all n (that is, |A,| << o), hence
An(E) = 0 (thus A, << o) for all n, and A(E) = 0. Thus A << 0.

(b)
d\ B d\,
do ~ do
Solution.

Since A << o, we may apply the Radon-Nikodym theorem on the finite positive

measure space (X, .A, o) to the complex measure A (cf. 1.45). Let then h := % be the

unique element of L!(o) such that
AE) :/ hde (B cA). (10)
E

We observed above that A\,, << o for all n. So we have uniquely determined elements

h, = % n Ll(a) such that

() = / hodo  (E € A). (11)
E
By (11) and Theorem 1.47,

|)\n|(E):/E|hn|da (E € A). (12)
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Therefore, for all E € A,

S [ Vialdo = 3 Pol(8) = a(B), (13)

If o(E) > 0, we get by the Beppo Levi theorem (1.16) and (13)

Therefore, by the “averages lemma” (1.38), > |h,| = 1 o-a.e. In particular, the
series Y h, converges absolutely o-a.e. Denote its N-th partial sum by gn. Then
gn — Y hy, c-ae. and |gn| < Y |hn| = 1 o-ae. By the Lebesgue Dominated
Convergence theorem (1.21) on the finite positive measure space (X, .4,0), we have

for all £ € A,
N
hnda:lim/gNdazlim /hndcr

= lim > An(E) =) A(E) := A\E)

By (10) and uniqueness of the integral representation, we conclude that h = Y h,
o-a.e. as desired.

8. Let (X, A, p) be a positive measure space, and let M := M(A) denote the vector
space (over C) of all complex measures on A. Set

M, :={)e M;) << u};
Mg :={xe M;X L u}.
Prove:
(a) If A € M is supported by E, then so is |A|.
Solution.

Let {Ax} be any partition of E€. Since Aj is a measurable subset of E¢ and F
carries A, we have A(Ag) = 0 for all k, hence ), [A(Ax)| = 0. Therefore |A|(E€) = 0,
i.e., |A| is supported by E.

Note that the converse is trivially true: if E carries |A|, then for any measurable subset
A of E°, |A(A)| < |A|(A) = 0, hence A(A) = 0, and therefore E carries A. Thus



17
(a’) E € A carries X iff it carries |A|.
(b) M, and Mj are subspaces of M and M, 1 M; (in particular, M, N My = {0}).
Solution.

Let a,b € C. Suppose A1, Ay € M,. If E is a p-null set, then A(E) =0 for k = 1,2,
hence a);(E) 4+ bAy(E) = 0. Thus aX; + bre € M,.
Suppose next that A;, A2 € My, and let then Ej be p-null sets that carry A\, (k = 1,2),
respectively. Then E = FE; U E5 is p-null, and for all measurable subsets A C E€, we
have A C E§ (k =1,2), hence A\g(A) = 0 for k = 1,2, and therefore a1 (A)+ b2 (A) =
0. Thus aA; + bAy is carried by the p-null set E, hence belongs to M.
Next, let Ay € M, and Ay € M. Let then E be a p-null set carrying As. If A is a
measurable subset of £, we have p(A) = 0, hence A;(A) = 0 since \; € M,. This
shows that A; is carried by E¢, that is, the measures A1, Ay are carried by the disjoint
sets E¢, F, respectively. Thus A\; 1L Ay, and M, | M, follows.
If X € M, N Mg, then in particular A L A (because M, L Mj). This by itself (that is,
without the particular definitions of M, and M,!) implies that A = 0. Indeed, there
exist disjoint sets E, F' € A, each carrying A\. Hence for all A € A, write

A(A) = A(ANE) + A(AN E°).

The first term on the right vanishes because AN E is a subset of F'° (and F' carries \);
the second term vanishes because A N E€ is a subset of E¢ (and E carries A). Thus

A=0.
(c) If (X, A, p) is o-finite, then M = M, @ M,.
Solution.

By the Lebesgue Decomposition theorem (1.45 (1)), each A € M has the unique
representation A\ = A, + A; with A\, € M, and A\, € M, ie., M = M, & M,.

(d) X € M, iff |\| € M, (and similarly for Mj).
Solution.

If \ € M, and E is p-null, then A(A) = 0 for any measurable subset A of E, i.e., E¢
carries \; hence E° carries |A| (by Part (a)), and therefore |A|(E) = 0. This shows that
|A| € M,. On the other hand, if |A\| € M, and E is p-null, then |A(E)| < |A|(E) =0,
hence A € M,.

By Part (a’), a p-null set E carries A (that is, A € M) iff it carries |A| (that is,
Al € Ms). Thus A € M, iff |\| € M.
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(e) IftA\pe M (k = 1,2), then A\; L Xy iff |)\1| 1 |)\2|.
Solution.

A1 L Ag iff there exist disjoint sets F € A such that F}, carries A\, k = 1,2. By
Part (a’), the latter happens iff Ej carries |Ag|, K = 1,2, that is, iff [A1]| L |Az].

(f) A << p iff for each € > 0, there exists § > 0 such that |A(E)| < e for all E € A
with u(E) < 4.

Solution.

Let A << p, and suppose the €, § condition in Part (f) fails, that is: there exists
€ > 0 such that for all § > 0, there exists F5 € A with u(F5) < § and |A\(F5)| > e. Take
0, = 1/2" and define FE,, = Fj, (thus pu(E,) < 1/2" and |A(E,)| > ¢, n=1,2,---).
Set

FE =limsup F,, := ﬂGn; G, = U Ey.
n k>n

Since Gpy1 C G, and
w(Gr) <Y n(Br) <Y 1/28 =1,
k k

it follows from Lemma 1.11 that u(E) = lim,, u(G,). But as n — oo,

u(Gr) < i w(Er) < i 1/28=1/2""1 >0.

Hence p(E) = 0.
However |A|(E,) > |A(Ey,)| > € for all n. We apply (4) on page 9 to the finite positive
measure |A| (cf. Theorem 1.43). Thus

A(E) > limsup \|(Ea) > €.

Therefore |A| ¢ M,, contradicting Part (d).

(The converse is trivial.)

9. Let (X, A, p) be a probability space (i.e. a positive measure space such that p(X) =
1). Let f, g be (complex) measurable functions. Prove that ||f]|1]|g|/x > infx |fg|.

Solution.
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Note first that since only the absolute values |f|, |g| are involved in the inequality,
and the latter is trivial if either f or g vanishes at some point, we may assume that
0< f, g <oo.

Consider first the case when f, g are simple (measurable) functions. Write (all indices
below range over a finite segment of N)

F=Y alg; g=> bilg,

where {ax} is the (finite, positive) range of f, Ex = [f = ax], and similarly for g.
Since X is the disjoint union of Ej, (and of F;), we have ), u(Ex) = p(X) =1, and
similarly >, pu(Fj) = 1. Therefore

f12llgll = aepn(Br) Y bin(Fy) = Z arbjp(Er)pu(Fy)

k J
> 1113 n(arb;) Z Z,u (Er)p = mljn(akb )= i%f fg,

as desired.

Consider next the case of bounded and bounded away from zero measurable functions
f, g, that is, there exists constants 0 < § < M < oo such that § < f, g < M on X.
Set ¢ :=infx fg.

By the Approximation theorem (1.8 (1)), there exist simple measurable functions

¢n, ¥, such that
<

<

IN

P2 < <P <o <,
Yo < <t <o <y,

IN

and
¢n — f, Y = g

uniformly on X. Let 0 < € < §. By uniform convergence, there exists ng € N such
that for all n > ng,

¢pn>f—€ (>f—-062>0)

and
Yn>g—€ (>g—02>0).

Hence, for all n > ng,
¢n¢n>(f_6)(g_€) >fg—€(f+g)Zc—e(f+g)2c—26M,

i.e., inf x ¢pp, > ¢ — 2e M. By the special case of the inequality for simple functions,
fixing n > ng, we get

||f||1||g||1 Z ||¢)n||1||¢'n||1 Z lr)l(f¢n¢n Z Cc— 26M7



and the desired inequality ||f||1||g||1 > ¢ follows from the arbitrariness of e.

We consider next the case where f, g are bounded away from zero but not necessarily
bounded. Let N be an arbitrary positive integer. Set

En=[f<N]; Fy=[g<N]

Then
EiCcBEyC-;  |JEv=X,
N

and similarly for Fy. By Lemma 1.10 for the positive measures p, v(E) := fE fdu,
and o(E) := [, gdu, we have

lim [ fdp=v(X)=||flx, (15)
En
and similarly
lim [ gdp={lg]s. (16)
Fn

Define
fn = fIgy + algs, 9N = 9lpy + alpe,

where a = max(c/§, ). Then

5 < fn, gn < max(N,a).

By the bounded case,
I Fnlhllgnlls = inf fvgn. (17)

Write
X=(ENnNFN)U(ENNFy)U(EyNFN)U(EyNFER).

On the first set, fygny = fg > c¢. On the second set, fygny = fa > §(c/d) = c. On
the third set fxgn = ag > (¢/6)d = c. On the fourth set, fngn = a.a > (¢/§)é = c.
Hence fnygn > ¢ on X, and we conclude from (17) that

v lhllgnll = e (18)

However by (14) and (15)

1fnll = [E fdu+ a(1 — w(Ex)) - |If]s
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and similarly ||gn|[1 — ||g||1 when N — oo, by (14) and (16). Letting N — oo, we
then obtain the wanted inequality ||f||1]|g||1 > ¢

Finally, in case f, g are not necessarily bounded away from zero, we consider the sets
Gy =[f>1/N};  Hy=[g>1/N]
and the bounded away from zero functions
fn = flgy +blgs,; In = 9lmy +blge,

where b = max(Ne¢,1/N). Calculations analogous to those of the preceding case,
together with the result for that case, yield the result in the present (general) situation.

10. Let (X, A, 1) be a positive measure space and f a complex measurable function

on X.

(a) If u(X) < oo, prove that
: _ *
Jim [ £l = [|f]o- (*)
Solution.

(We do not assume p(X) < oo until stated specifically.) Let f be a complex
measurable function on the measure space (X, A, u). If ||f]||leoc = 0, then f = 0 a.e.,
hence ||f||, = 0 for all p, and (*) is trivial. If ||f||cc = 00, any N € N is not an a.e.
upper bound for |f|, that is, for each N € N, there exists Ex € A with u(Enx) > 0
such that |f| > N on Ey. Then for all p

1/p
171> ([ 1fdn) ™ > Nt (19)

(= o0 if u(En) = o0). Hence for all N

liminf ||f][, > N. (197)
p—oo
Therefore
lim sup ||f||, > liminf || f||, = oo,
P P
and consequently lim, ||f||, = o0 = ||f||co. This shows that throughout the exercise,

we need to consider only the case

0 < |[f]loo < o0.



If (*) has been verified in case ||f||co = 1, then for arbitrary f (with 0 < ||f||eo < 00!),
the function g := f/||f||c satisfies ||g||coc = 1, hence lim,_,  ||g||, = 1, and therefore

lim [[f[[p = lim [|(|£]]o0)gllp = [|f]oo lim [|g]|p = || £]oo-
p '3 b

We now assume pu(X) < oo, and consider the case ||f||o = 1.

Let 0 < e < 1. Since ||f||oo =1, 1 — € is not an a.e. upper bound for |f|, that is, there
exists F € A with u(E) > 0 such that [f| > 1 —€ on E. The argument leading to (19)
(with 1 — € and F replacing N and E, respectively) gives || f||, > (1 —€)u(E)'/P. On
the other hand, since |f| < ||f||cc = 1 a.e., we have ||f]|, < ,u(X)l/p. Thus

(1= eu(E)Y? <Ifllp < n(X)*7. (20)
Since 0 < p(E) < pu(X) < 00, it follows from (20) that

1 — e < liminf ||f||, < limsup || f]|, < 1.
p—0o0 p—+oo

The arbitrariness of € implies that the limit lim, || f||, exists and is equal to 1.

(b) For an arbitrary positive measure space, if ||f||, < oo for some r € [1,00), then

(*) is valid.
Solution.

Consider the positive measure v defined by
WE) = [\rdn (B e ), (21)
E

(cf. Theorem 1.17.) It is finite, since v(X) = || || < oo by hypothesis. Therefore, by
Part (a),

ey = Il fllLee ) (22)

lim
p—o0

For all p > r + 1, we have by Theorem 1.17,

1, = ([ upan) ™ = ([ 1oe=iran) ™ < )

By Part (a) with the finite measure v, the left hand side of (23) has the limit || f||z ().
Thus

Jimn [1£1lp = [1fl]z<0) (24



It remains to show that

[ £z ) = || flloo- (25)
If the left hand side of (25) vanishes, then f = 0 v-a.e., i.e., v([|f| > 0]) = 0, hence

/ flrdp = / =] > o) =0,

and therefore f = 0 p-a.e., so that ||f||cc = 0, and (25) is correct in this case.

We may then assume that ||f||Loo(1/) > 0.

Since ||f||co is a p-a.e. upper bound for |f| (cf. (22) on page 28) and v << p, it
follows that ||f||ec is @ v-a.e. upper bound for |f|, and therefore

F 1|y < NI F oo (26)

If the inequality (26) is strict, we may choose t > 1 such that ¢ := t||f||Loo(V) < |1f]loo-
Set E =[|f| > ¢]. Then p(E) > 0, and by (19’) (with N and Ey replaced by ¢ and E
respectively)

liminf ||f||, > c.

pP—00

By (24), it follows that
[ fllze@w) 2 ¢ := [ fllew):

Hence 1 > ¢, contradiction. This shows that the inequality (26) is not strict, and (25)
follows.

11. Let (X,.A, i) be a positive measure space, 1 < p < oo, and € > 0.

(a) Suppose f,,f are unit vectors in LP(u) such that f, — f a.e. Consider the
probability measure dv = |f|Pdu. Show that there exists E € A such that f # 0 and
fn/f — 1 uniformly on F, and v(E°) < e.

Solution.

Let G = [f # 0]. Then f,/f — 1 a.e. on G, and (G, AN G,v) is a probability

space, because
&)= [ UrPau= [ 15Pdn=1.
G X

Let € > 0 be given. By Egoroff’s theorem (1.57), there exists £ € AN G such that
v(E°) < eand f,/f — 1 uniformly on E (cf. 1.49 (1)).

(b) For E as in Part (a), show that limsup,, fEc

fnlPdp < e.

Solution.



Let 0 < § < 1. By Part (a), there exists ng € N such that for all n > ng,

|(fn/f) —1| < 6 on E (and |f| > 0 on E). Equivalently,
|fn = FI < 6|11,
and therefore |f,,| > (1 — d)|f| on E, for all n > ng. Consequently

[ 1= 1= 6ruB) 0> o)

Since ||f,||} = 1 by hypothesis,

/ falPdu =1 / FalPdn <1 — (1— 8)7u(E)
Ec FE

for all n > ng, hence

limsup/ |fulPdp < 1—(1—96)Pv(E).

n

Letting 6 — 0+, we obtain

limsup/ |fn|Pdp <1 —v(E) =v(E°) <e.

n

(c) Deduce from Parts (a) and (b) that f, — f in LP(u)-norm.
Solution.

We have
1= 1= ([ + [ )1fa= P

By (27), the first integral in (28) is
<o [ Ispdn<ovlirly = o7
E

for all n > ng.
By Minkovsky’s inequality, the second integral in (28) is

<[([ 1) ™+ ([ 1sa) "]

(27)

(28)

(29)



The second term in the square brackets in (30) is equal to v(E€)}/P < €'/P. Hence for
all n > ng,

15~ g <07+ [( [ Vi)™ 0]

Therefore by Part (b),
limsup || fn — ||} < 67 + 2Pe.

By the arbitrariness of € and §, we conclude that lim,, ||f, — f||, =0

(d) If g, g € LP(n) are such that g, — g a.e. and ||gn||p — ||g||p, then g, — g in
L?(p)-norm.

Solution.

If ||g||, = 0, then g is the zero element of LP(x). Hence ||gn — gllp = ||gnl|p, = O,
and the claim is trivial.
We may then assume that ||g||, > 0. Since ||gn||p — ||g]|p, there exists ny such that
l|gn|lp > 0 for all n > ng. Define f = g/||g||p and f.. = gn/||gnl|p for n > ng. These
are unit vectors in LP(u), and f, — f a.e. By Part (c), ||fn — f|l, = 0 as n = oo.
Therefore, for n > nyg,

Fallgnlle = £ llgllw

lgn — llp = |
p

< 1 = Hllpllgnlly + 1£1p (119nllp = llglp) = 0+ llgllp + 171l -0 = 0

as n — 0.

12. Let (X,.A, ) be a measurable space and f € LP(u) for some p € [1,00). Prove
that the set [f # 0] has o-finite measure.

Solution.

Let f € LP(u) for some p € [1,00). We write (cf. page 16)

oo

[f #0]=[lf] > 0] = [JIIf| > 1/n]. (31)

n=1

By (2) on page 50 (with y = 1/n)

w([1F1> 1/n]) < (nl|£]lp)" < oo.

Together with (31), this shows that the set [f # 0] has o- finite measure.



13. Let (X,.A) be a measurable space, and let f, : X — C, n € N, be measurable
functions. Prove that the set of all points z € X for which the complex sequence
{fn(z)} converges in C is measurable.

Solution.

By the Cauchy criterion for convergence of the (complex) sequence {f.(z)},
[fn converge| = m U ﬂ [|frn— fm] < 1/7]. (32)

Since | f, — fm/| is a (positive) measurable function (for each n, m), the sets [|f,, — fin| <
1/r] are in A, and it follows from (32) that [f, converge] € A, since A is a o- algebra.

14. Let (X,.A) be a measurable space, and let E be a dense subset of R. Suppose
f:X — Ris such that [f > ¢] € A for all ¢ € E. Prove that f is measurable.

Solution.

Let a € R. Since E is dense in R, there exist ¢, € E such that a — (1/n) <c, < a
forn=1,2,--- . (In particular, ¢, — a.) Then

=(lf e
n=1

Since [f > ¢n] € A for all n (by hypothesis), it follows that [f > a] € A for all real a,
and therefore f is measurable by (one of the versions of) Lemma 1.4 (cf. page 3).

15. Let (X,.A) be a measurable space, and let f : X — Rt be measurable. Prove that
there exist ¢, > 0 and Ej € A (k € N) such that f = Zzozl cklg,. Conclude that for
any positive measure p on A, f fdu = Zzozl ckp(Eg); in particular, if f € L*(u), the
series converges (in the strict sense) and pu(Eyg) < oo for all k.

Solution.

(The case f = 0 identically being trivial, we assume otherwise, so that the follow-
ing discussion is not “empty”.) By the approximation theorem, there exist simple
measurable functions

0< <1 << < <---<f

such that lim ¢,, = f.
Define g = ¢¢ and ¥,, = ¢,, — ¢,,_1 for n > 1. Then ,, are non-negative simple



z(

measurable functions such that f = > 4,. Each 4, is a finite linear combination
of measurable indicators with non-negative coefficients, and therefore f is an infi-
nite linear combination of indicators of (not necessarily disjoint) measurable sets Ej.
Omitting the summands with zero coefficients, we can write

f=> clp, cx>0.
k=1

By the Beppo Levi theorem (1.16),

[ fau- S o). (33)
X k=1

If f € L'(u), the series (of non-negative terms) in (33) converges in the strict sense
(to ||f]|1), and since ¢, > 0, we have necessarily p(Ey) < ||f||1/ck < oo for all k € N.

16. Let (X,.A,u) be a positive measure space, and let {E;y} C A be such that
Y w #(Fr) < oo. Prove that almost all z € X lie in at most finitely many of the
sets Fp,.

Solution.

Let F' denote the set of all  belonging to infinitely many sets E,,. Then (cf. page
9)
F=lmsup B, :=()Gn, Gn=|] Ex
n n k>n
By o-subadditivity of p (cf. page 8),

[o o]

w(Gn) <D u(Ew),

k=n

hence p(G,) — 0 as n — oo, because >k p(Ex) < co. Since F' C Gy, for all n, we have
u(F) < p(Grn) — 0, and therefore p(F) = 0. This means that almost all z belong to

F€¢, which is precisely the set of all z belonging to at most finitely many of the sets
Ey.

17. Let X be a (complex) normed space. Define

o) = 2ol £l
2«7+ 2]

(z,y € X).

(We agree that the fraction is 1 when z = y = 0.) Prove:



(a) 1/2< f <2
Solution.

Let z,y € X. We may assume that z,y are not both zero (since f(0,0) := 1 €
[1/2,2]). By the triangle inequality for norms,

[l +y|* + [z =yl < 2(l[|l + llyD* = 2(||2[1* + [ly][* + 2[]=]| [|9]])-

However 2||z|| [|y|| < [|z[|* + |ly[|*. Therefore ||z + y|[* + ||z — y||* < 4(||=[* + [ly]I*)
and consequently f(z,y) < 2.

Consider the vectors u = (z +y)/2 and v = (z —y)/2 (they are not both zero, because
otherwise z = y = 0). Since u + v = z and u — v = y, we get from the preceding
inequality with the vectors u, v replacing z, v,

=12 + lIyl[? I [
M+ 9)/2AF+ 2@ )2 Te+ylF+1lz—olF  Fay)

2> f(u,v) =

hence 1/2 < f(z,y).
(b) X is an inner product space (i.p.s.) iff f =1 (identically).
Solution.

The identity f = 1 is equivalent to the parallelogram identity, which is indeed a
necessary condition for X to be an i.p.s. (cf. (8), page 30). We must prove the
sufficiency of the identity (for X to be an i.p.s.).

Define for all z,y € X

(2,9) = (/)] (le + yl? =[]z = ylP) +illle + 9l = [la —iwl*)]  (34)

(cf. the polarization identity (11) on page 31). We shall verify that (-,-) is an inner
product on X.
Note that

Rz, y) = lle+ylI> = llz —oll”s  S(z,y) = R(z,iy). (35)

We have by (35)
4S(2,2) = ||z + izl — [lz — iz]]* = (1 + i — [1 = if*)]|2]]* = 0,

and 4R(z,z) = ||2z|]* = 4||z|[?, so that (z,z) = ||z||>. It follows in particular that
the form (-,-) is positive definite (and the “induced norm” (-,-)'/? coincides with the



given norm).
By (35) with z = u 4+ v (u,v € X),

8R(u+v,y) =2||lu+ v+ y|> — 2[[u+ v —y||*.

We add and subtract 2||y||* and use the given parallelogram identity with the pairs of
vectors [u + v + y,y] and [u 4+ v — y, y]; thus

8R(u +v,y) = |lu+v +2yl|* + [Ju+ 0[] — [|lu + v|* + [Ju+ v — 2y]’]

= [lu+ v+ 2y|[* — |Ju+v — 29" (36)

On the other hand, after regrouping and using the parallelogram identity, we obtain
8R[(w,y) + (v,9)] = 2lu+ylI* = 2llu = ylI* + 2llo + y[I* = 2|0 — 9|

= 2[[fu+yl* + o +yl1*] = 2([fu =yl > +[lo —y[|] = [Ju+v+2y|* = |Jut+v—2y[[*. (37)
By (36) and (37),
R(u +v,y) = Rl(u,y) + (v,y)]. (38)
By (35) and (38),

S(u+v,y) = R(u +v,iy) = R(u,iy) + R(v,iy) = S[(v,y) + (v,9)],

and therefore, by (38),
(u+2,9) = (u,y) + (v,9). (39)

In particular (2z,y) = (z+z,y) = (z,y)+(z,y) = 2(z,y), and proceeding by induction,
we obtain
(ka,y) = 2k(:c,y) (40)

for all k € N and z,y € X. Replacing 2%z by x, we get that the identity (40) is
valid for all £ € Z. Next, for any positive real number a with finite diadic expansion
o= ,c; 2" (where J is a finite subset of Z), we obtain from (39) and (40)

(az,y) = Z(ka,y) = Z2k(x,y) = a(z,y).
k

keJ

By (34) and the continuity of the norm on X, the function (-, y) is continuous (for
each given y). Since the above a’s are dense in R, we conclude that (az,y) = a(z,y)
for all positive real a.

‘We have

AR(—z,y) = [ -z +ylP — | -z —yll’ = ~[llz +y|I* - [[e — yII’] = —4R(z,y),



hence also I(—z,y) = R(—=z,iy) = —R(z,iy) = —I(z,y), and therefore (—z,y) =
—(z,y). Together with the “positive” homogeneity obtained before, we get homogene-
ity over R of the functional (-,y) (the fact (0,y) = 0 follows trivially from the definition
(34)). By (39), (-,y) is linear over the real field of scalars.

We have by definition and rearrangement

A(iz,y) = [liz +y|* = [liz = y|I* + illi(z + y)|* = illi(z — y)|]

= i[lle+ Il = lle = I +dlli(e + i) — illi(z — )| ] = 4i(z, ).

Together with the linearity over R of the functional (-,y), this implies that the func-
tional is linear over C.

By (35) , ,
AR(y,z) = ||y + z[|* — |ly — z||” = 4R(z, y)
and
43(y, z) = 4R(y, iz) = ||y + 1z||* — |y — iz|]* = || — i(3y + 2)|]” + |[i(—3y + 2)|

= —||lz + iy|]* + ||z — w|]* = —4R(=, iy) = —45(z, y).

Hence (y,z) = (z,y) for all z,y € X. This concludes the verification of the claim that
(+,+) is an inner product on X (whose induced norm coincides with the given norm);
thus X is an 1.p.s.



