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5.17.a. The model is described by the following equations.

yi = 8+ ei, (S 5.58)
Te; = I'z;4+wv;, v; ~NID (0, Q) s (S 559)
g = via+w;, w; ~NID(0,07). (S 5.60)

Here vae = E [g;|v;], and because all involved random variables are normally distributed this
implies that w; is independent of v;. The likelihood function can be expressed in terms of
the independent variables w; and v; as

L(e) :p(yh cey Yns L1, ,Z‘n) :p(’ll}l, eey W, V1, ...,’Un) = Hp(wl)p(vl) .

Asw; ~ N (O, 02) and v; ~ N (0,Q), the log-likelihood is
> logp (wi) + Y logp (vi)
i=1 i=1

= —nlog(2m) — glog (o) — % wa + %log (det (Q71) — =) viQ v,

1(0)

This depends on the parameters 6 through the relationships (S 5.58), (S 5.59) and (S 5.60).
b. Writing the log-likelihood out explicitly, we get

n

1) = —nlog(2m)— glog (02) - 2c1r2 (i‘/z — 28— (Tei — I‘zi)/ a)2
i=1
n _ 1 o _
+3 log (det (Q71)) — 3 ; (2ei — Tz) Q71 (2o — Tzy). (S 5.61)

Under the condition of the null hypothesis that o = 0, this becomes

n

1
lp = —nlog(Qﬂ')—flog 2—2 —xﬁ

—

flog (det (22 *Z (zei —T2) Q7" (wes — T2y)
i=1

[\V]

= o1 (ﬂ,0'2) + lo2 (F,Q) .

Observe that [y is the sum of two components that depend on different parameters, the
function lo; that depends on 3 and o2 and the function lgs that depends on I' and Q~'.
These two components can be maximized separately. Maximizing lo; yields the familiar ML
estimates 3 = b and 5% = ¢’e/n of the model y; = x}3 + ¢; (with NID disturbances). The
maximization of [ps requires the computation of its first order derivatives. For this we use
the following results on matrix differentiation.

dlog (det (1)) d(aQta) , 0(aTH)  , 9(Tb)
501 =% o T Tap W T =
9 (a'T'Q~1Th)

— -1 / I
3T = Q 'T'(ab’ +ba'),

where Q! is a symmetric matrix, I" is a matrix, and a and b are column vectors. This gives

Ao e
- = 0 (sz Zzl ): (X!Z -TZ'Z) =0,

Olo2
o001

N |

“ 1
Z Tei — U2i) (wes — in)ll =3 (nQ2—-V'V) =0,
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where X, is the n x ko matrix with rows a.,, Z is the n x m matrix with rows z; and V is the

e’

n X ko matrix with rows v. Solving these equations we obtain T'=X'Z(Z'Z)"" (so that
I = (Z’Z)_1 7Z'X,.) and Q = 1V’ =41 = > U;v; where V= (D1, ..., D) with T; = 2¢; — L.

c. The first order derivatives of the unrestricted log-likelihood I () in (S 5.61) are:

ol 1 &

— = 722 i — @ — (we — Tz) )(xez Iz) = 25 W;V;,

al 1 n

% = —2 E ( '—Jj/ﬂ—(ﬂjel FZI Ty = 2 g Wiy,

ol 1 & 1

T - —22 w;az; +Q°! (X!Z-T27'7) ——E wiaz, + Q7 Zvl z;,
ol n

90z~ —@wZ_ i

agl_l ;(nQ V'V) (nQ sz )

Evaluated under the restriction that a = 0, with corresponding ML estimates 50 of part (b),
this gives (with w; = e; the OLS residuals in y; = ;6 + ;)

oL = Ai Y e, = Aif}lea
dap, 7% 7

% b, = % ;eixi =0,

gll“po - ot (XEZ—fZ’Z):O

ol .
T, ("Q Z />

d. We prove the expressions for By1, B1s and Bss. For instance, By; is obtained by differenti-
ating —8—& with respect to o’. Using the expressions for ‘% and al obtained in part (c) it

follows that

0%l 0 1 —xﬁ—voz 1
Bu = “5eo0 = Tow (wzw“”‘): = T of =

— %V’V,

b = ‘ag;lﬁf: B <J2ZWZ):‘;2”8(%gibﬁfvga):alazwg
= %X’X,

e = = (B i () e

]‘ ! !
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Evaluating these expressions at the ML estimates under the null hypothesis we obtain that
B = éV’V, By = %)(/)(7 By = %V’X

We do not prove that the other off-diagonal elements of the Hessian matrix can be ap-
proximated by 0. However, note that the unrestricted log-likelihood (S 5.61) can be written

2

as 1 (0) = il (a,ﬂ,f‘,az) + 1y (F,Q;l). This implies, for instance, that Bis = # =0,
Bgs = # =0 and Bys = 5o255—+ = 0. The other blocks require more tedious compu-
tations.

. Denoting by * non-zero parts of vectors and matrices, we can conclude the following from
the results in part (c) and (d). Here all expressions are evaluated at the ML estimator

50 under the null hypothesis, and the blocks are ordered according to the components of
0= (a,ﬂ,F, o?, Q’l).

o\’ 921 \ "' /ol

M= (9) (‘ eaef) (9)
1

b2

1

b2

* % ¥ O O
* ¥ ¥ O O
* ¥ ¥ O O

~ o~ o~ -1 ~
1 ~ V'V V'X V'e 1 T(U'U -1 U’
— l‘/ o~ —_—
I3 (e 0)(){’!/ X' X ) < 0 ) 326 ( ) ©

where we used that e’Uze’( V X )= ( eV X ) = ( eV o0 ) because X'e = 0.

. The auxiliary regression (5.83) can be written in matrix form as e = X6 + Va+n =
UX + n where A = < Z > OLS gives X = (U’U)f1 U'e with explained part € = UX =

U (U'U) ' U’e and explained sum of squares ¢'¢ = ¢'U (U'U) ' U’e. The total sum of
squares is e’e. Then the regression (5.83) gives

SSE  JUWUU) 'Ue 1 1
2 _ _ _ / / /
nR =ngom =N o ——azeU(UU) U'e
because 62 = Le’e. This is the same expression as the one obtained in part (e), which proves

that LM = nR2.



