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3.4.a. The simple regression model written in matrix form becomes
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The normal equations X ′Xb = X ′y for this case are
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The last equations coincide with the expressions (2.9) and (2.10).

The least squares estimates are obtained from
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(In products of summed terms we use different indices i and j to avoid confusion). We can
simplify the expressions for a and b as follows.

b =
1

n
∑

x2
i − (

∑
xi)2

(
n

∑
xiyi −

∑
xi

∑
yj

)
=

1
n

∑
x2

i − n2x̄2

(
n

∑
xiyi − n2x̄ȳ
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These results coincide with the expressions (2.8) and (2.6).

Finally, the 2× 2 covariance matrix of the estimators a and b is given by
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These results coincide with (2.27) and (2.28).
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b. Let the k × 1 vector µ and k × k matrix Σ be partitioned in parts according to (the single
variable) y and the ((k − 1)× 1 vector) Z = (x2, · · · , xk)′. Then the result in (1.22) implies
that the (scalar) random variable yc is normally distributed with

yc ∼ N(µ1 + Σ12Σ−1
22 (z − µ2), σ11 − Σ12Σ−1

22 Σ21).

Define x = (1, x2, · · · , xk)′, β =
(

µ1− Σ12Σ−1
22 µ2

Σ−1
22 Σ21

)
and σ2 = σ11 − Σ12Σ−1

22 Σ21, then

this can be written as
yc ∼ N(x′β, σ2).

We can now check Assumptions 1-7.

1. The i-th observation is yci = yi|{x2i, · · · , xki}, and as we condition on the given
values of {x2i, · · · , xki} these values are fixed. The fact that Σ is nonsingular ensures
that the n × k matrix X (with n ≥ k) has rank k (with probability 1, that is, only in
exceptional cases it may have smaller rank).

2. Conditional on xi, it follows that εi = yc,i − x′iβ ∼ N(0, σ2) so that E[εi] = 0.

3. This follows as σ2 = σ11−Σ12Σ−1
22 Σ21 is constant and does not depend on the values

of xi.

4. As the n observations are obtained by a random sample this means that the values
of {y, x2, · · · , xk} are independent for different observations i 6= j, so that also εi =
yc,i − x′iβ and εj = yc,j − x′jβ are independent for i 6= j.

5. The values of β =
(

µ1− Σ12Σ−1
22 µ2

Σ−1
22 Σ21

)
and σ2 = σ11 − Σ12Σ−1

22 Σ21 are the same

for all n observations, as they do not depend on the values of xi.

6. As εi = yc,i − x′iβ it follows that yc,i = x′iβ + εi.

7. εi ∼ N(0, σ2), see Assumption 2, and independence follows from the above comments
on Assumption 4.


